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1 Work by Jarek et all

In recent times significant attention has been given to a family of multipartite states named spectrum
broadcast structures (SBS) [27] [28] [29] [562]. Since its genesis, the theory of SBS has been used as
a tool in the discipline of Quantum Foundations; particularly in the theories of Decoherence and
Quantum Darwinism [39][47][51][31]. Recently Quantum Darwinism and SBS theory have been
shown to be equivalent under certain technical assumptions[32]. Motivating the theory of Quantum
Darwinism and the theory of SBS is the question of objectivity in the quantum world. To avoid
philosophical contention [27] [28][29], provides a definition of objectivity motivated by properties of
classical dynamical systems. The multipartite quantum mechanical state satisfying such properties
is called a Spectrum Broadcast Structure. The definition of objectivity proposed in [27] is:

Definition 1. A state of the system S exists objectively if many observers can find out the state of
S independently, and without perturbing it.

The way to introduce objectivity in quantum systems, proposed by Korbicz and his collaborators
is the SBS, as defined below.

Definition 2. SBS: A Spectrum Broadcast Structure is a joint state of a central system S and an
environment E, consisting of sub-environments E*, E?, ..., EN:
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where {|i)}; is some basis in the system’s space, p; are probabilities, and all states ﬁZE are perfectly
distinguishable in the following sense:

F2(pE" pP") =0 (2)
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for alli # j and for all k =1,...,N. Where F(...,...) is the quantum fidelity defined as F(ﬁ, 6') =
Vavel,

In [27] it is proven that SBS satisfies the desired definition of objectivity and that it is the only
such structure that satisfies such a definition. The challenge then becomes showing that typical
multipartite states converge to SBS in the large time limit [29]. The principal models studied in
SBS literature [27][28][29] are of the quantum-measurement limit type, meaning SBS that arise from
dynamics generated by Hamiltonians in which the interaction term between the system S and the
environment E greatly dominates, i.e. By ~ Hj (tot means total and I indicates "interaction
terms").

We consider a quantum system interacting with N macroscopic environments. We assume that
the joint initial state has the product form:

N
k
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In the sate (3) we write the subscript 0 in E} in order to emphasize that this is the initial state
of the kth environment E¥, similarly, we use the subscript Sy to highlight the initial state of the
system.

We assume the quantum-measurement limit, ﬁtot ~H 1. Hence

N
H=7f(X)© ) gx(By) (4)
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where the operators X and By above are the position operator and some arbitrary observable
respectively; each acting on its respective space, i.e. all of the By act on different Hilbert spaces.



The functions f(z) and gx(x) are only assumed to be continuous. A Hamiltonian of the form (4) is
said to be of the von Neumann type [48]. The corresponding time evolution operator is therefore
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We evolve our total initial state using the evolution operator (5).
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To study the state of the subsystem formed by the system S and the first Ng environments,
we take the partial trace of the time-evolved density operator over the remaining Mg := N — Ng
environments.

Claim 1. Partial trace:
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Mg = N — Ng, the number of traces being taken in equation (11).

Proof.
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Let us now use the generalized eigenvectors of X in order to write Ps, = [ | Ks(z,y)|z)(y|dedy
where Kg(x,y) = (z|ply). Using the latter,
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Furthermore
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Finally, using (14) and (20) we have

NEg
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To simplify the notation, we shall forgo all but two macroscopic environments, i.e.N =2, Ny =
m = 1. After partial tracing over one of the environments we obtain the following density operator.

by = W4 (EMbs, ) © ). (22)

The map &} is a decoherence quantum map and %/ ; is a unitary map obtained from the Hamiltonian
(4) for the case N = 2. In [29] an SBS state associated with (22) is defined for every value of ¢ > 0;
it is shown there that (22) converges to this state (in the trace norm, see below), as ¢ goes to co. Its
form may be deduced from (22) as follows. We rewrite (22) as:
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where {]i)}%, are the eigenvectors of X, with corresponding eigenvalues {z;}%5, (X in [29] has

i=

discrete spectrum). Where we have used the definitions

ﬁffz = ¢~ (@9 (Br) 5EG itf )on(Br) (1 = 1, 9) (24)
oij = (ilPg, 1) (25)

(1) = Tr{pE, ) (26)

ﬁfk — e*itvf(w)gk(Bk)ﬁEé“eitf(ﬁ)gk(Bk) (k=1,2). (27)

The SBS approximating (22) is defined by restricting the sum on the RHS of (23) to the diagonal
terms—the terms with ¢ = j. We will label it as follows.
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Notice that for i = j, 7, ;(¢t) =1, so
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The next step is to choose for every t a projection-valued-measure (PVM) acting on the space

Hs @ Ag, ( For the case considered in [29], dim(s5) = ds < 0o and dim(H#E,) = dg, < o0). To

define such a PVM, the authors use the eigenbasis of the operator X: the elements of the PV M are
A L A 'l Al

of the form |i)(i| ® Pft where the {|i) (i }jjl and {Pft }jil u{l- Zfﬁl Pft } resolve the identity
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operators in B(,}ffg) and B(%El) respectively, so that, in particular,{Pf‘ }jil U {]I — Z?ﬁl Pft } is
a PVM in the environment’s Hilbert space. The latter PVM is then used to approximate the (22)
by an SBS state:
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Here .4 is a normalizing constant and &; := .. The operator (31) is indeed an SBS state. If
(22) converges to an object with the form (31) as ¢ — oo, we say that (22) is asymptotically SBS.
Convergence is meant here in the sense of trace distance. Namely, one would like to show that

= mijr\l4”pt pSBStﬂl —0ast— oo (32)
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where for each ¢ the minimization is taken over all projective-valued-measures {Pfﬁ yds U I -

Zfﬁ 1 f’?tl }. An attempt is made in [29] to prove (32) but the argument provided there is incomplete.
In what follows we discuss the bounds presented in [29], as well as propose and prove an alternative
bound for the trace distance in (32).

In the paper [29], a bound is conjectured for the trace distance in (32). In the case of two
environments (one of which is traced over), the bound becomes:

1
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where I'(t) := 32, |03, ivE ;()]. In general, for the case where M environmental degrees of freedom
have been traced out and Ng remain, the bound looks as follows.

1 R
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where now, I'(t) = 3, |0 ] Hﬁi}ﬁl [y ;(t)], where again 4 ;(t) = Tr [ﬁffc%} If true, this result
would allow to estimate the minimum on the LHS, using the asymptotic properties of I'(¢) and the
fidelity terms in (34). As it is currently not known to be true, we will not be using it.

1.1 A new bound for the trace distance of a multipartite state and an
approximating SBS state

In what follows we use an unnormalized version of (30): Pppgsps = A Pgps,- This state is just the
state (30) without the normalization factor <. In practice it is easier to bound ||, — ppgp s,t||1
and then utilize Lemma 1, stated below, to bound ||ﬁt — ﬁSBS,tHl-

Lemma 1. ||p —né||1 < L implies ||p — &| < 2L for constants L > 0 and n € [0,1]

Proof. Using reverse triangle inequality we see that

L>p=nély= Il — Inélli| = ol — Inél =1- (35)



furthermore

1p—6lli=1p—n6+né -6l <[|p—n&lL+|né -6l < (36)
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We now prove some preliminary inequalities.
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We may therefore conclude that
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The second term in the sum (45) is the decoherence term which is independent of the choice of
the PVM minimized over. The decoherence term is simple to study provided that we are able to
compute the trace defining ~; ;(¢). The first term in (45) involves a minimization over all PVM
for each value of t. Rather than attempting to solve the minimization problem exactly, below we
estimate the first term in (45) for a particular (judiciously chosen) PVM, obtaining an upper bound
on the true minimum.

1.1.1 Bounding the variational term

Switching notation for a bit. Consider a mixed state of the form vazl pip;, where Ef\il p; = 1 and
the p; are pure states in a Hilbert space of dimension greater than NV, i.e. one-dimensional projections
;) (1], where {|;)} Y| are normalized vectors. Assuming that |¢;) are linearly independent, we
may use the well-known Gram-Schmidt procedure to define an associated orthonormal set.

Definition 3. Gram-Schmidt Procedure: Assume that the set {|{);}Y., of vectors in some vector
space V', is a linearly independent set. Then the following construction yields an orthonormal set.

|¢1) = [¢) (46)

1
wgzw{mwmeM@ﬁ (47)
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[on) = aN{W’N > (dklen) on) } (48)
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Here o := H|7/%>*ZZ_=11 (Dr|vi)|on) || = \/1 — 22;11 [{(dk|1:i))? fori > 1 and a; = 1 are the respective

normalization constants. We have S’pan{{wi>}f\il} = Span{{|q§i>}£\i1}.

The orthonormal set {|¢;)}X; may be used for the construction of a PV M, namely

N
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We will use it to estimate minpy s Zivzl Pin’i — lsiﬁif’ile
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Lemma 2. Let p; and |¢;) be defined as above; also let i > 1, then
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where we have used the fact that Zk;l |{(pr|1:)|* < 1 due to Bessel’s inequality in the last line. [

The term 22;11 [{¢r|1;)| may be understood by analyzing it through the scope of its related
determinant. We present this result as a lemma.



Lemma 3.

Wil Wilde) o (Wil
) (Walthr) (Valh2) ... (ah2ltby)
65) = ———| S
VORI Di | o) yals) e il
[¥1) [12) |5)

where
(1lv1)  (ale) ... (Waliy)
(Valt1)  (2lt2) ... (U2lty)

Wiler) Wsli) . (1)

defining |¢1) := 1), Do := 1 and Dy =1 in order to make sense of the case j =1 and k = 0,1 for
|@:) and Dy, respectively.

In determinant form, (¢;|¢x) may now be written as follows.

(P1]eh1) (W) oo (Pr|tk)
. (at1) (Paltpa) oo (atr)

(Yilor) = \/ﬁ <

; S 61
Yr—1|Y1)  (Wr—1lv2) o (Yr—1|vw)

(Wiln)  (Wulv2) oo (Wilow)

The power behind viewing the states |¢;) in their determinant form is that now we need only compute
inner products between elements of the set {|¢);)}X, in order to estimate the effectiveness of the
PV M (49) in approximating a solution for minpy s Zivzl pillp; — Pip;Pi|l1. Recall that the states
{|¥:i)}¥, are normalized. Furthermore, assume that (1;|1);) = &;; for all i # j € {1,..., N}, where
ei; are complex numbers satisfying |e;;| < ¢ for all i # j € {1,.., N}, where ¢ is small. Since, under
this assumption, all entries of the last column of the matrix (51) are small, this also implies that
Hﬁz - |¢i><¢i|ﬁi|¢i><¢i“1 is small for all 4, thanks to Lemma 2.
The above estimates imply the following theorem.

Theorem 1. Consider a mized state of the form Zf\iﬂ)iﬁw sz\il p; = 1, where p; = ;) (W] are
pure states acting on a Hilbert space of dimension greater than N. Furthermore, assume that the
states {|1;)}i are linearly independent. Then

N
min ;pillﬁi —Pip;Pi||1 <
P
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where again
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k=
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Proof. The proof follows directly from Lemma 3 and Lemma 2, and the fact that for ¢ = 1 the
corresponding projector is simply |1);)(1;| making the ¢ = 1 term zero. O
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In order to apply Theorem 1 to estimate the first term in (45), we assume that the initial state ﬁEO

is pure; it is under this assumption that we expect the joint system-environment state to converge
1

1
to an SBS as — oo. The purity of ﬁEO furthermore implies that the operators ﬁft are pure for all 4
since the evolution (27) preserves purity of states. We may thus represent them as

0= (i) (Wi (52)
We now use Theorem 1 to estimate (45):
1 ds
5 min Yool —PIATR 53 TRUE (53)
i=1 i JijFE
(Wrlbre)  (rgldee) oo (W1e|Yne)
(P2,¢|114) (Voelhae) oo (Y2|tny) ) ds
Z i Z |Dk 1, tDk t| - + 5 Z Z |ai’j%’j (t)
=2 (Vr—1,6|V1e)  (Wr—1lth2e) -0 (Ur—14|Vrt) i g
(Vi tl1e) (Witlhas) o (Yitlne)
(54)
where
( ) (Wil o (Vreltre)
(VolV1,e)  (W2ilvor) -0 (Doe|vre)
Dy = : : - : (55)

<1//j,t|.¢1,t> W’j,t. ) <1/1k,ti¢k,t>

Given that computing determinants is a difficult task, one might wonder if there is a way to avoid
doing so via further bounding the term (54) with another term that does not involve determinants.
It turns out that such an approach is possible and if the entries (¢ ¢|1);,) are small enough, the
process is even easier to handle. We will develop such an approach in the section (?7).

1.2 Mixed environmental states

We wil call the first term in the sum (45) the super error of discriminating the mixture ), ﬁf;l
with the PVM {f’zE’l}z It is called the super error because (45) bounds the discrimination error
Py {pi, ﬁfitl, f’f’l} as follows.

ds
~E} E} A
Pe{p. 55 PE) = zm{pm S e o
i=1

The theory we have developed so far considers only the case where ﬁiﬁl are pure states for all 7. In
this subsection, we will further develop the previous section by providing the analog to Theorem 1
for the case where the environmental degrees of freedom are mixed states.

Using a simpler indexing scheme, consider a mixed state of the form Zi\il pip;, where Zfil p;i=1

~E!  BE! AEINE!
Pz; — P; Pa; P;

(56)

and the p, are mixed states which we will express as p; = Ziuzl kP, where all of the p;, are pure

states and Zi\il . = 1. Consider the super quantum state discrimination problem (now omitting
the limits of the sums)

Join szTT{pz zpzMT} (57)

The latter item is bounded above by the minimization problem that we have been concerned with
in the previous section, i.e. minimizing over all PVM as opposed to minimizing over all POVM in
(57). In turn it is also bounded above by the super PVM quantum state discrimination error as seen
in the following relationship.

< { 5N T} <
Join szTr{pz szM} min szTr p; — Mip, M ¢ < (58)



FI};;;}ZPZ - Mip, M || (59)

This follows from the fact that all PVMs are POVMs, making the space over which the objective
function is minimized smaller and therefore yielding a smaller minimum.
Using the following bound from [66] we will bound (58) and (59) from below.

Theorem 2. Montanaro: Let ), p;p; be a mizture of quantum states p; where Y, p; = 1. Then,
for any POVM {MZI\A/IL}Z,
PE{piy Pi; MIMz} 2 sz‘ij(ﬁmﬁj) (60)
i>j

We now have,

> _pipiF(p;,p;) < min sz

i>7

zpz
Expanding the p, we see that
F(p;, p;) = (anpzkvznkpjk) > > P (pac by (62)
k

where we have used the joint concavity of the fidelity [67] in the last line of (62).The bound (61)

now implies that
ZzpipjnkF(ﬁik7ﬁjk) < ;@%sz
i>j k

P.p,P (63)

This inequality shows that a necessary condition for successful quantum state discrimination is that
Pir, L pjy for all 4, j, k where i # j. For the case where the p; are not mixed states the respective
relationship implies that p;, L p; for ¢ # j which is what we expect from our analysis in the previous
section. For the case of mixtures p, it is perhaps not surprising that we simply need to analyze
the fidelities between elements of two different mixtures, say p; and p;, in order to determine the

discriminability of the mixture Zfil p,;. As informative as (63) is, we have yet to learn anything
about the constraints on fidelities involving multiple elements of the same mixture p,, take P,
and p,; for example. It could be the case that, in principle, there need not be any restrictions on
said fidelities in order to attain successful quantum state discrimination but at the moment this is
unknown to the authors.

We would like to bound (63) from above, and to do so we will once again take a constructive
approach. The approach we will take shall be an adaptation of the methods employed in the proof
of Theorem 1 and Lemma 2. Adapting the latter coupled with the fact that P; must be projectors
will yield a bound that will be useful only for the cases where p;;, L p,j for all k¥ when ¢ # j and
Pir L Py for all ¢ when I # k.

Let us now construct a PVM that attempts to solve optimization on the right-hand side of
inequality (61). We begin by noting that

Ig‘%ZZPmk‘

This looks very similar to the PVM quantum state discrimination problem for pure states (note
that p;nx is a probability distribution) with the exception that now each element of the PVM {f’l}z
corresponds to all elements p,;. Following the methods from the previous section, one might suggest
implementing the gram-schmidt procedure once more in order to obtain an orthonormal set of vectors
|¢);, one for each i. However, in this case, the operators p; are mixed and therefore do not have a
representation as a vector in an appropriate Hilbert space; being able to view the mixture ), p; as
an ensemble of pure states was one of the key assumptions that lead to Theorem 1. Perhaps there
is a way to implement the Gram-Schmidt process to the end of producing an analog for Theorem
(1) in a greater generality for the case where all of the p, are mixtures using the Hilbert-Schmidt

min Z pi P.p,P i — Pib; (64)

10



inner product to generate orthogonal Hilbert-Schmidt operators in the Hilbert-Schmidt norm sense;
however, the authors are unaware of any such approaches that have been met with success as of yet.

We now impose an assumption on the P; from (64) and once again highlights that the optimal
P; need not have the following assumed structure.

M
=> Pi (65)
k=1

One way to guarantee that a sum such as Zk 1 P is a projector is to assume that P, are all
projectors with non-overlapping support.

Proof.
M . M M M M . . M . R
k=1 k=1p=1 k=1p=1 k=1

O

Since all of the p;;, are pure states, we may apply the Gram-schmidt process as we have in the
previous section in order to construct a PVM {Pik’}ik' The resulting PVM elements P, with the
inclusion of the completion element I — >, >, P form a PVM that resolves the identity. There
are N x M states p;; since the index ¢ ranges from 1 to N and the index k from 1 to M. Let us
visualize the set of operators p,, as a matrix

P Pi2 Pim
P21 P22 Panp
. (67)
Pn1 Pn2 -+ Pnm
which we will flatten into the row vector
V= (ﬁn oo Py P oo Pay - PN1oee ﬁNM) : (68)
Let us now do a relabeling and call the sth component of ¥; := |£5){(¢s|. Given a specific value
s€{1,2,...,N x M} e can use the following formula to obtain the corresponding p;;.
‘£S><£S| = ﬁ]’ﬁ],smodM' (69)

Assuming that the set |€5)(&| is a linearly independent set we now apply the Gram-Schmidt process
to obtain the family of orthonormal states

|¢1) = [€1) (70)
s—1
160) = { S (ke } S € (1,2, N x M} (71)
k=1
where as before a; == ||[&) — <(;Sk|§z k)| = \/1 - <¢k|£z>|2 fori > 1 and a; = 1 are the

respective normalization constants. An identity resolvmg PVM {|§q>< s|} U {I[ — > &€ g|} has

been constructed, defining w, := Pr1Ms mod M We may Now rewrite Dok pﬂlk’ Dik — i, as
(47 1+M [ 1+M
Swollentel = (X lenal)leal( D lental)| = (72)
s =[] 1=[ 7] !
[ 1+M [371+M
Sowille sl — o @sleElon el = (D letal)lenel (Y lental)| < (73)
s =% 1;l#s I=[571;l#s 1

11



[214+M S1+M
Zws ) (Esl 100 (05165 (€515) (6] +Zws( >l )l Y lenal)
I=[ 37 lsil#s 1=[ 37 lil#s (714)

[371+M  [71+M

zwgzmus 3w > S [lensieclonad| = )

s 1= [M]lqésk (MW k+#s
s—1 [37 1+M 2
D ws2 > [lés)| + Zws< > |<¢>l|£s>|> (76)
s k=1 s =37 l;l#s

where we have used Lemma 2 in going from (74) to (75). Using Lemma (3) we may explicitly write
the terms |(¢|&s) as Gram-Schmidt determinants and use these to estimate the efficacy of the PVM
built from (70).

In this paper, mixed environmental states as the environmental degrees of freedom are not the
central focus. We shall therefore forego further analyzing the bound (76) at the moment and leave
this for future work. However, we will point out that (76) may be further bounded by the following

term.
(76) <33 we Y [(dil&s)] (77)

s lil#s

where the only restriction on the sums is that [ # s. This may be better estimated using Lemma 3.

1.3 Further bounds for Theorem 1.

To begin we introduce three results that we shall be using.

Theorem 3. Hadamard’s inequality for determinants [13]: Let A be some arbitrary N x N matriz

with entries A; ;. Then
N , N 1
det (A) <[] <Z|Az‘jl2)

Theorem 4. [13] Let T+ B be an N x N matriz with entries 6;; + Bi; where B;; = 0 for all i.
Then

det(I + B) =

(1+2:(B))

—

Jj=1

Theorem 5. Gerschgorin Theorem [53]: Let A be an arbitrary N x N matriz with matriz elements

A j. Now, define
D; = {z €eC:lz— A4 < E |Aw|}
Jid#

Then, all of the eigenvalues of the operator A are found in the set Gy = Ufil 9;. The sets P; are
known as Gerschgorin discs.

Now we use these theorems to prove the following.
Theorem 6.

plt — P AEtP < (78)

1

>d51 ds il Wiel¥ie)|

. 1—1
i, Milgew, |1 — |x||

ds (1 +dsMy,
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where

k
4 =] 2f
1=1
ok = {x ER:z[ < > |Bm|} ie{l,..,k}
JiiFi
Mas(t) == max  [(¢ielt)))]

n#Emi{l,....ds}

and
0 (WW1|ae) - (W14 Vr)
. (Va,elh1,e) 0 cor (Voi|tng)
By = : : - :
(Wielvre)  (Wjelbae) - 0
Proof. Assume that k > 2. Then, using Theorem 3
Wrlbie)  (reldee) oo (Wrelvne)
(P2,t|114) (Vailhae) ... (V2,t]tn,e)
A= | : : : <
(Wr—1tl1,e)  (Wr—1ploe) oo (Yr—1,eVre)
(Vi tl1e) Wiela,e) - (Vi|Vr)
k k 1
T (3 140nP)
= m=1
Where
Apm = Wnt|¥mye) for ne{l,...;k—1} me{l,... k}
and
Anm = <7/}i,t|’¢)m,t> fOT’ n=%km € {1, ,k}
Therefore,

1
2

(3 k) =TT (mf_j |<wn,t|wm,t>2)%(m§k_jl (il ) <

n=1 m=1 n=1

L,k 1
2
(ne{l _____ o1y 2 Z [Won el m.e)| ) (m2_31|<wi,t|wm,t>| )

1

(P SN [CRCING )(g_j Wisltmell) <

.....

dg—1
ds 2

E ;
<1+n€{1{?-a;§s—1} :Z |<"/}nt|¢mt ) (mz_ ’Q[Jztw)mt ) <

ds—1
(1 rds mos |<wm¢mt>|) (Z |<¢i,t|wm,t>)
m=1

777777

Now, let us shift our attention to the terms Dy ; in Theorem 1, here time time-dependent.

(W1 elre)  (Wrelbae) oo (V1| Vre)
(Wailtre)  (Wap|ae) oo (24|Vre)

Dk,t =

GO0 Wralbns) o (Drelns)
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Using Theorem 4 we have that

|Di.t| =

—.

(142 (B)) \ (92)

1

J
where again

0 (Wrelbae) oo (1| Vre)
0 ..
B — <¢2,t!1/}1,t> | ) <¢2,t!wk,t> (93)

Wreltne) Wl ... 0

Now, using Theorem 5 we know that the eigenvalues of Ef lie within the Gerschgorin discs

oF = {x ER:z[< > |Bij’t|} ie{l,..,k} (94)
Jij#i
where we have replaced the C for R since Hermitian operators have real eigenvalues; we have also

made use of the fact that BE o = 0 for all 7. The superscript of PF is used to highlight its pertinence
to the determinant Dy, ;. Now

k k
1Diel = | TT L+ 2B | =TT [1+(BY)] = (95)
j=1 j=1
Zgneun’l—i—x’—mm|1+x| (96)
Here we remind the reader that ¢ Ul 1 @k Minimizing over a larger set yields a smaller
minimum, hence,
m1n|1+:c| > min |1+:c| > min |1f|a:|| (97)
TEYG) 2€Yag T€Yag

Using (90), and (97) we may now further bound the determinant-including terms in result (54) to

obtain
ds

3 i 2|

. & (14 dsna ))(zm_ L (Wislbmel) ) »

i=2 k=1 Milgeg, —|x|]

By pEPl | < (98)

1

ds—1 ds i—1

1
k
<1+dstS(t)> Say Yy [Wiclbmol (100)

=2 k=1m=1 Milgeg, ’1—|33|’

ds—1 ds i—1 i—1

(1+ds2t5,) IDIPY Worltmall < (101)

= k=1m= 1m1nw€(¢d |1—|1‘|| a

ds—1 ds i—1

(1 + dg My, (t)) Z;ai(i )> Wt om.0)| — < (102)

m=1 Milgey, |1 — \xH

ds—1 d i—1
B S P S W o ]
2o

i—2  m=1Milgey, |1 — ||

ds (1 +dg Mg, (t)) (103)

ds

ds—1 . . .
ds (1 + ds Mg (t)) >N 7il (Wil )| — (104)

T gz Migeg, |1 ||
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Corollary 1. Assume that dgMg,(t) < 1, then

B  ABE! AElpE}

i|Pi ' — Py zi i < (105)

ds—1

dg (1 —I—dsts (t)) ds
= > ol (il )| (106)

(1 —dgMy, (t)) #i

Corollary (1) may be generalized with ease to cases with Ng greater than 1.

2 Problems in SBS when introducing continuous variables

There are problems that arise when attempting to define an SBS state for the case where continuous
variables are involved. To appreciate them, let us examine the state (22) in such a case. The system’s
state is now a density operator pg  in an infinite-dimensional Hilbert space; for our purposes, it will
be convenient to represent this space as L?(R). Analogously to (4), we define the interaction of the
system with the environment as

Hy = ’}/X @B
for simplicity; where X is the position operator. Being a trace-class operator, pg, can be represented

as an integral operator, whose kernel we denote by K(z,y). The expansion analogous to (23) is the
following:

1
b= | [ dodyrie s Ol ol = 57, 107)

where as expected ﬁff; = e*”BtﬁEcl’ Bt and V2 ,(t) == Tr{ﬁmi}. Unlike the state (22), the state
(107) does not have a clear decomposition into off-diagonal and of diagonal terms using the spectral
decomposition of the operator X in terms of generalized eigenvectors |x>, which we have employed
to expand % (& (Ps,) ® ﬁEé) = (e_“x@g) (& (ps,) ® ﬁEé) (e_“x@g). In the finite-dimensional
case, we could clearly distinguish between diagonal and off-diagonal entries in order to deduce an
SBS structure approximating the state in question. In the continuous variable case, this approach
breaks down since the "diagonal" term is now

b= [ dek (e el = 2 (108)

This is not a trace class operator, since it is unitarily equivalent to a tensor product of a multiplication
operator and a trace class operator—thus it cannot represent a quantum state.

Another difficulty in moving into the continuous variable case is an increase in complexity when
dealing with trace norms; starting from the fact that H ‘x><y| H1 is undefined for generalized states

|x> and ’y>

3 SBS for continuous variables

We now discuss the phenomenon of decoherence which results from an evolution of the system
under a quantum map. Let us focus on the case described by (22), where the system’s state evolves
according to:

L= (eI ®2IB)) (5, (pg ) @ p0) (T RIBIB)) = Uy, (6(pg,) @ B)  (109)

>

1 A
We will be assuming the states pg, and ﬁEO are pure. Under our assumptions, the operators X
and B are self-adjoint and have purely absolutely continuous spectrum. As we have done in earlier
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sections, we write pg, = [ [ dedyK (x,y)|x)(y| using the resolution of identity associated with the
operator X, i.e. X = [ z|x)(z|dx. Furthermore, the quantum map &, has the representation

//K z, )Tt x,y | ><y|dxdy (110)

where I'(t,z,y) is a kernel yielding non-unitary dynamics obtained via partial tracing as seen in
(11). Substituting this into (109) we obtain

b ://dacdyK(a:,y)F(t,x,y)|x><y’®ﬁ£’; (111)

where we remind the reader that ﬁff; = e*i”f(‘”‘”)-‘?(]?')ﬁEé et fW)g(B),

In what follows we will partition the real line into intervals of length greater than or equal to
some resolution limit X, which may in general depend on ¢ but we will suppress this dependence for
now and discuss such cases in Section 4. The idea is using a net {x;}; of the real line and building
the sets A; := (z; — G, x; + %) of lenght o; constrained to the criteria ;1 —z; > ¥ Vi, 0; > ¥ for
all integers ¢. We index the o; because in general, this partition need not be made of sets of equal
length.

It will be of interest to us to estimate the trace norm of the non-diagonal terms of the operator
(111), i.e. i # j. We will use this partitioning scheme to rewrite (111) in an equivalent form as
follows.

Y A dadgK ()0 9)l) o] 5 (12)

Some elementary work leads to

HZX; / / dadyK (2, y)L (6@ la) (0] © 57} | = (113)

H "”“X)@g‘m({ZZ /. / dedyK (z,y) <twy>|x><y|}®p >ei”f<*>®g<f3> ~ (114)
VR 1

H{Zg;/ / dedyXK (2, y)U(¢, o y)|x><y|} 1 (115)

H{ZZ;/ / dadyK (. ) (. 2.y)|) (y |} < (116)

)Y [, [, asvice.rz v ()

SN |[PaGi(ps,) Pa, (118)

i g

where Py, := [, |z)(z|dz, i.e. the spectral projector of X projecting onto the subspace correspond-
ing to the set A;.

3.1 Bounds of the Kupsch kind.

Estimating the trace norms in equation (119) below will require us to invoke some ideas from
Kupsch’s seminal paper on decoherence [38] where it is proven that if A; and A; are intervals with
a distance § > 0, then

1Pa, i (Bs,) P || < C(L+ 8%(8)) (119)

with a function ¢(¢) > 0 which diverges for ¢ — oo, 7 an exponent which can be large and some
constant C.
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At a first glance, this bound might not seem useful to our work since we are interested in the trace
norm rather than the operator norm of the quantity P A, 6 (ﬁSO)lAD A,- Furthermore, it is not explicit
what v and v(¢) should be. We will provide a new version of this result which closely follows the
Riemann-Stieltjes integration techniques employed by Kupsch when proving (118) in the appendix
of [38].

Theorem 7. Kupsch like bounds: Let p, be some density operator which may be represented using
the generalized spectrum of the position operator X as

By = / / I(t, 2, y) Ko, )\ (y|dedy.

where T'(t,z,y) € CHR?) for all [0,T) x A; x Aj C R. We will assume that p, is pure and write
Po = |€0)(€o| in what follows. Furthermore, let Pg = Jo dx|x)(x|. Then, for a fized t >0

PapPalis sw (Ao + 150,000 0])
(z,y)EA; XA
when |A; X A ﬂsupp{I‘(t,x,y)Kg(x,y)}‘ =0, otherwise ||f’Aiﬁtf’AjH1 =0

Proof. CASE 1)
First consider the set A; x A; with a zero intersection

|8 A (Y supp{T(t, 2, 9) Ko )} = 0

In this case

1

- ‘ /A /A L(t2,y)Ko(w,y) ) (y]drdy

H /A /Aj 0lz) (y|dady

‘Az’ x A () supp{T (¢, 2, y) Ko(w,y)}| # 0

Let us begin by considering the operator

f)Ai ﬁtf)Aj

- OHISAiISAj Hl =0.
1

CASE 2)
Now assume that

() = / T(t, 2,)|) (zldr.

i

Where 7 is fixed. Tt(y) is a differentiable family of operators, with respect to y, with the operator
norm estimates

IT:(y)ll < sup |T(t, 2,y)|
TEA;

since

IR = sup [Be@))2 = sup / / T(t,2!,y) Tt 2, y) (bl ) |2) (]} da'de =
[[1)[|=1 H)y|l=1JA; JA,;

sup / ID(t, 2, 4) 2 () zld)de < sup [T(tz,y)> sup / () dz <
) l=1JA; TEA; [[1) =1 J A

sup [T'(t,z,y)|>
TEA;

In a similar way we may bound the operator T (y) := IR T (¢, x,y)|x)|(x|dz. Where T (¢, x,y) :=

0, I'(t,z,y).de.

1T, (y)|l < sup [T'(t,z,y)|
TEA,
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Furthermore, define J;(y) := Ty (y)p, and J;(y) := T, (y)p,. These operators also have uniform
estimates; due to the estimates computed above, and the inequality ||AC|; < ||Al|||B]|1 one may
easily show that

1F:)ll1 < sup [Tt z,9)l||poll, = sup [T(t,z,y)|
TEA, TEA,
and that

13:(») [l < sup [T (t,2,y)l|po]|, = sup [T (¢, 2,9)|.
TEA; TEA;

Before we proceed we show the relationship between the operator Tg(y) and the weak derivative

8y<¢‘Tt(y>|¢>~
0,110} =0, [ T(t.a.0)(wla)alo)da

We assumed that T'(t,z,y) is C1(A;) in both z and y for any A;, therefore we may swap the order
of the integral and the derivative.

9y /A L(t, z,y)(|x)(z|p)dr = /A 8,T(t, z, y) (W|z)(x|¢)dw =

[ sl ords = ([ 1t o) lde)l6) = @I )1

A AV
We therefore have
Ay (WITi(w)|0) = (T (v)le) (120)
Now, for all intervals A; we have fAj J)ly) (y|dy = f’A,iﬁt]_f’Aj. We write A; := [a;, b;]. We will
show that the following identity holds.

/ )y yldy = Fe (b)) P (oo ;) — Je(a;)P(— o0y —/ F ()P (o yydy. (121)

Aj J

For arbitrary |¢) and |¢)

Wl [ 3@ ld6) = [ @@l (122)
A, A,
By the definition of J;(y) one has
(W13u()ly) = @ITe(y)poly) = (I T4(y)I¢0) (oly)- (123)
Picking up from (122).
(122) = [ ITA0)I0) ol 016y = (124)
Aj
b y
witwieel( [ dy'|y'><y’|)|¢>>] - [ ([ @wiow)a(witoie) ) = a2
bj y /
<w|Tt<y>|so><fo|P<_oo,y]|¢>>] - [ ([ alnwioa) (whmie) a= 0
J bj /
<¢|Tt<y>|fo><so|f><_oo,y]|¢>] - [ (wihe)) @ alid = (21
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b;

(W] Tt<y)|fo><£of’<_oo,y]] |#) — (¥ /A L) 160) (60l P (—oc dyle) = (128)
ajbj
<w|<3t<bj>f’(_oo,b,.] = Ji(a5)P(oo,ay) /A _3;<y>f’<_m,y]dy>|¢>> = (130)

We therefore have

1PapPa,lh = H / 3.)ly) (wldy
Aj 1

<
1

Fe0)P (oo — Tt (a))P(cora,) — /A T (Y)P (o ydy

J

[Fe0)P ooyl + [1T6(a)P (oo aylls + H /A I ()P oo yndy
J

<
1

|I3t(bj)H1IIPA’<7oo,bj]||+||3t(aj)||1||f’<foo,a]-}HJr/A 196()" P (oo 1y <

J

1960 11+ 13 e(a5) I +/ IV LB (oo, | dy =

J

19011+ 1 3e(a5)lh +/ 132l dy <

J

(o)l + 132 (a)ll + 12,1 Sup 15 ()l dy <
yen;

sup |I'(¢,z,b;)| + sup |T'(¢t,z,a;)| +14;] sup |9, z,y)| <
TEA; TEA; TEA;,YEA;

sup <2r<t7x,y>| 1A <t,x7y>>
(z,y)EAixAj

3.2 Estimating the diagonal term

We have hitherto developed the tools necessary to estimate the trace norm of the "off-diagonal"
terms of the density operator (112). We shall now study the "diagonal" terms of the same state
(112). i.c.

1
po=X [ [ sy caia) ol ok, (131)
i i i
For the "off-diagonal" terms we were simply interested in bounding the totality of the terms in order

to estimate the asymptotic behavior. For the diagonal terms we are interested in the asymptotic
limit of the following trace norm optimization.

3 (b 00)a (P 1) X (P ) (B, P

min
PVM

(132)

1
The minimization is taken over all PVMs (projection valued measures) resolving the identity operator

of the space associated with the environmental degrees of freedom. The term ), <f’ A; ®H) ol (f’ A @

H) is indeed just another way o writing the state (131). The use of the PVM {P.}; in the first

term of (132) found in (132) is just technical. However, the usage of the same PVM on the second
term in the difference of (132) does imply measurement of the von Neumann type performed on the
system; i.e in a local sense in the sense of the following definition.
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Definition 4. Unread von Neumann measurement: Consider a PVM {f’z}l acting in some Hilbert
space of arbitrary dimension. Furthermore, consider a density operator p which acts in the same
Hilbert space. Fach element of the PVM is a projection onto an eigenspace of the self-adjoint
operator modeling the measurement apparatus. The density operator of the system after obtaining
the measurement result i is

P;pP;
The state above is the resulting state assuming that we have "read out" the measurement. However,
if we do not read out the results of the measurement what we have is a mizture

where p; is the probability of the ith outcome of the measurement. Since p; = T?“{f’iﬁ}, the unread
state of the system is

Zm% Z Tr{P,;pP, } o[ P:pP; Z PipP;

Tr{Pip P; P }

One might have already noted that the map >, I:’Ai ® f’f’l ()15A ® lﬁf*l is unlike the related
measurements of von Neumann type seen in definition (4) since they do not preserve the trace of a
density matrix. Both are indeed completely positive maps but the latter map turns out to reduce
the trace in general, i.e.

Tr{ 3 (f’Ai ® lsftl)ﬁt (ﬁAi ® ﬁff*)} <Tr{p}=1. (133)

Indeed the PVM {lsAi & f’ffl }i by itself does not describe a measurement for the product of the

systems and environments Hilbert spaces because it does not resolve the identity. The associated

A A 1
PVM will indeed be the family of projectors {Pa, ® Pft }ij. ie. including situations where the
environment measures an outcome j different from the outcome measured by the system i # j.

Let us now estimate (132). We rewrite the operator ), <1A3Ai ® ]I) Dy (lsAi ® ]I) in the form:

> (Pa@l)p(Pa,01) =Y /A | /A dedyK (e, )T (2, y)|n) 0l © o2y = (134)

S / / dady™ (1,5, )l © 0 = (135)

= /Ai K(x,x)dx

(139) = S50 | [ Kiw)T(taia) o] 0 45, (136)

where

That is,

where we now define

K(z,y) _ 1a,(@)¢(2) 1a,()¢" ()
Di Vi Vi

Ki(x7 y) = ]lAi (x)]lAl (y)

recalling that
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since the initial state of the system is pure. Furthermore, let us define

_ 1, (@)Y(2)

() = 2
and write
Ki(z,y) = s, (2)s, (y)-
Finally,
1
(136) = > pi% .+ (& (ps,) ® p™) (137)
defining
Paps,Pa,

ps, - - / / Kz, y)|2) (yldedy (138)

- TT{]'A)Ai ﬁSUﬁAi }

and reminding the reader that
U +(A) = e it f(X)®g(B) A itrf(X)@9(B)
We may now write
S (Pa @ PP)p (Pa, @ PI) =S5 (10 PP )2, (6 (ps) @ 67) (10 PF) (139)
Finally, normalizing the operator (139) we obtain

A 1l A 1
pospse = Y b (10 PE )2, (6 (ps) @ ™) (1 PFY). (140)

The notation CSBS stands for continuous variables SBS, this is a concept that will generalize the
concept of SBS to the CV case. A more in-depth discussion regarding the continuous variables
SBS will be had in following sections. As for the discrete variables case, we will be estimating
16: — A Pcspsilli and then using Lemma 1 to bound [|p, — posps,lli-

Utilizing this new representation for (134) and the left-hand side of the equation (139), we can
see more clearly that the quantum map & may be avoided by exploiting the inequality ||.#; (&)1 <
|6]]1, known to be true for all density operators 6 and quantum maps .#; and the following theorem.

Theorem 8. Let p, & and 7} all be pure density operators acting respectively in the Hilbert spaces
Hs, Hry,, and Hg,. We let X be a position operator. Furthermore, let X, By and By be either
position or momentum operators acting respectively in the Hilbert spaces s, H#%,, and Hx,. Let
P be a bounded operator acting in the Hilbert space %, . Finally, assume that A is a trace class
operator and let us define

A

%(A) = e—itX@BlAeitX®B1

&(A> = Trp, { (e—itX®HE1®l§2) (A ® ﬁ) (eitf(®]IEl®]§2> }7

and
Est (A) = //<x|A|y>TrE2 {e_imﬁ2ﬁeity]§2}|m><y|dxdy
then
&((Hs @P)%(p@6)(Is @ P)) = (150 P)%(55.(0) © 5) (1s @ P)
Proof.

&((Hsééf’)%(ﬁ@&)(]ls@f’)) - (141)
Trg, { (e*“’t@%@‘i”?) ((Hs ® 15)% <£s,t () ® &) (]Is ® 15) ® ﬁ) (6“;2@]1,31@32) } — (142
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TTE2{<eitX®HE1®Bz) <<H5®f’) (//K(x,y)|x><y|®etz]‘alaeityﬁl d:pdy) (]IS®13) ®ﬁ> (eitX@)]IEl@EQ)} _

(143)

Ij’f‘E‘2 { (eiitX®HE1 ®]§2) <(//K(1‘7 y)\l‘> <y| ® f)etxﬁla.eityglf)dxdy> ® ﬁ) (eitX®HE1 ®]§2> } —
(144)

TTEQ{ / / K(z,y)|z)(y| @ Pe *BigeitvBip g e”IBQﬁe”yBdedy} - (145)

//K(ac, y)TrE2{ Zt"LBQﬁe”yBQ}|:1c><y| ® Pe"B1 5B Py = (146)

B, K(x,y)Trg eiteBageoityBa L) ® &dzdy | " XEB1P = 147
Y 2 n Y
(]Is ® f’)e‘itx@ﬁl (/ /K(a:, y)TrEz{ —itaBy ﬁe”yB? } |z) (y| ® &dmdy) e1XEB (]I ® f’) = (148)

(]IS ® P)e*”f‘@‘gl <£’S,t () ® a) ¢itX8B: (H ® 15) (149)

Now we estimate the following trace distance.

H Z (Pa, @1)p,(Pa, 1) - Z (Pa, @ PP, (Pa, @ PY) = (150)
Hzpi(%m(&(ﬁ&)@p’f) (e P26 (ps,) ﬁEé)(M@f’iE‘l)) = (151)
> Ua(61(ps,) @ P7) — (10 P 2.4(61(ps) @ p7) (10 PF) = (152)
sz <%1tps © p%) — (L P2, (ps, ® p° )(H®f’f*1)> < (153)

> i %4(ps, ® P7) — (Lo BT N, (ps, ® p) (10 PFY) 1 (154)

where we have used Theorem 8 going from (152) to (153) in order to reorder the composition of
the maps present. Without the effects of the quantum map &; the local kernels of the system and

1
environmental degrees of freedom are henceforth separable. In fact, the state % (ﬁsi ® ﬁE") above
is pure! To accentuate the latter we write said state as follows.

D )01 = (0 (ws) @ 1)) ) (0 (105 @lvey) )
(155)

U(ps, © p™) = Ui ([s,)(

from which it follows that

(10 PF )% (ps, @ p70) (10 P = (H@P?ﬁt(wsim ¢E5>)) (H®Pf;ﬂt<|¢5i>®|wEé>)>T‘

(156)
where of course U, := e~/ (X)®9(B)
Before continuing we will define the following significant object.
= tr{ (L0 P (s, 0 %) (10 PF) | - (157)
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( <"/}E1|UT(H®P )Utlws>® [Vg1) = (158)
0
/ dyv’s, () (Yl ® (¥ [O] (I ® PEO T, / dxys, (x)|z) @ [Ypy) = (159)
/ / dydo K (v, y)y|a) (g | OIBPEL =it @By 1y (160)
/ dalys, ()| *(Pp |t @B PpF ¢ mityf (@)a(B) [VE1) = (161)
/ s, (2)[? (s 7 @IBVPECPEL =ity S@gB) 1y — (162)
el T B i T g AEtl
/ dalips, () 2T {BEL =i @)y, 1 (3 0 @aBIBED, (163)
/dmws‘(x)|2Tr{f>ftle*itvf(r)g(l§)ﬁ’33eitvf(w)g(ﬁ)f)ftl} — (164)
[ dstos P TP 25 - (165)
rr{ 85 ( [ astvs. (0ol )P | = (160
Tr{ﬁftl A (p0) PP } (167)

where we define the quantum map A;; as follows.
A (p / dalws, (z)[2e~ I @)9) peitr (@)o(B), (168)

We are now ready to estimate (154).

Zﬁi U+ (Ps, ®f)Eé) (IeP; )02/1 ¢(Ps, ®ﬁE3)(H®f’fg) = (169)
% 1
1 1 1 A 1
ZpiH%l,t(ﬁsi@@ﬁEO)_:/V(H@P N 4 (ps, @ pP) T PP || + (170)
i i 1
1 Nk 1 Al
|08 B0, @ 0%) (10 B — (10 PF ) 44005, 5 (10 P j= am)
1 1 1 A 1l 1 A 7l
ZﬁiH%vt(ﬁ&@ﬁE")w(H@P N, (ps, 0™ ) (1P +|W1|H(H®Pft)@/u(ﬁ5i®ﬁ‘9°)(H®Pfﬁ) ]
P [ 1 7 1
(172)
1 A 1 1 A [l 1
Zpi“%t(ps ® p* )—7(H®Pft)%1,t(ﬁsi@ﬁEo)(mpft) ﬂm‘l”i]: (173)
P % 1 ?
R R T
S [ ‘ (0(1ws0 @ ) ) ({0 0 lvy)) ) - (a7

Pl SEL 0, (10s)) © [0
(MP’ %ﬁ> v >>|wsi>®|¢E5>><H®P’ U%m'%»m@wﬁ +|1—m-|]—
oam)
5 N1‘< i ®<¢E|UI(M3;E)U4%>®|¢E> 2H1M] o
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+ |1—JVZ-|1 = (177)

_ A 2
Zpl v
sz'[\/l—«/%-i-l—«/%l] < (178)

> b [2 1—%] =2 piV/1—- 4 < (179)

2 /Z@-(l — ) = (180)
2\/Zpi<l - Tr{f’ftlAt’i (ﬁEé)fD?D (181)

Going from the (174) and (175) to (176) we have used the following result. Let, |¢)) and |¢) be
two pure state, then

[P}l = 1) {(8]ll1 = V1= [l (182)

Furthermore, going from (179) to (180) we have used Jensen’s inequality for concave functions. In
conclusion,

min

<
PV M - (183)

> (1%@. ® ]1) Fy (PAi ® ]1) -3 (PAZ, ® ﬁfﬁl)ﬁt (PAi ® Pftl)

% %

A 1 A 1
i 2\/ 2P (1 —Tr{P7 A (p70) P }> (184)

Using Lemma 1 on the latter implies that

1?3}}\1/1 §Hpt f’CSBs,tHl = (185)
Coin |50 (Pa, @), (P, 01) — —— 3 (Pa, 0P )p (Pa, 0 PF)| < (150
2 PVM i t i ot i [3 t i I3 1 —

%

2 in, V S (1= TP A (%) PE ) (181)
Where

i =Tr{ T (Pa, 0 P )p (P, 0 PF) | = ik (159)

Furthermore, it is important to note that the density operators A;; (ﬁEfl’) are not pure, we may
therefore not apply Theorem 1 right away. Before benefiting from Theorem 1 we must separate the
purity problem from that of the state discrimination problem. We do this by utilizing the following

bound. Defining p " Bt = =it (20)9(B) pFo i1 (@)9(B) | where x; := [ x|ys, (x)]?dx. Now,

L= Tr{PFA,,(p™) PP} < (189)
‘At,i(ﬁEé) ~ PP (6P PE | = (190)
1
HAt,i(ﬁEl) PEL 4 pEL PP GEIPE L PR GEIPEL _pEip (5P PP < (191)
1
‘At,i(ﬁE) pE| +||pZ Bl BBl 4 HP EPT PPN (pP)PI | < (192)
1 1 1




JEl “El “E! E! A “El “E!
‘Am(pE) pri| o - Pl prR] +HAt,i(pE°) —prt|| = (193)
1 1 1
1 1 1A pl
2HAt,z(pE0) e I P L) 2 (194)
1 1

With this result, we now bound (185).

A 1 N A t]
2 pin, ¢ S (1 Tr(PE A% PE ) < (195)

+ ﬁg_P tﬁifp

1

—|—2 1’I111’1 \/Zpl

2 mln \/Zp, HAtZ pxl

¢ S

We will write the latter result as a theorem.

1) < (196)

1) (197)

_ AE} AEt f,El

Atz pwl

Theorem 9. Diagonal terms for continuous variables:

}I,nm Hpt ﬁCSBs,t”l = (198)
1 A A
= mi . 5 . <
5 min Z (PAl ®H)pt (PAI ® ]1) %Ot Z (PA @ Pp, )pt (PA ®Pp, ) < ()
\/ sz At z pll —|— 2 mln \/Zpl o lpfitlf’ftl (200)
1

This can be easily extended to the case where we have more than one macro-environment. In
such a case Theorem 9 is replaced with the following.

Theorem 10. Diagonal terms for continuous variables N macro-environment case:

1 ) - ( e pLap
3 }Ijnl}\l/[ ; (PA,; ® ]I)pt (PAi ®]I> - J%Ot Z (PA ® ®P )pt (PAi ® gPi ) 1 < (201)
Ng ‘ A
2> pif|Avi (@ﬁE‘?> ®px1 + min sz ®p¢l ®1A31»EfﬁffPiEf (202)
i k=1 k=1 1

Estimating trace distances of the tensor products appearing in the Theorem 10 may be simplified
by employing the following lemma.

Lemma 4. Telescopic inequality:

N
F- QB (203)
k=1

k:l

> (ﬁ A4, ) ¢ AT B, ( 11 150,) a0

j=1 Nk=1 k=j+1

Using Theorem 10 and Lemma 4 we obtain the following useful corollary.
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Corollary 2.

1 . N N 1 N A gk . o
- P, 01)p,(Pa, 1) - (Pa, )y (Pa, pr)| < e
N EF A Ek Ek
zzpzz [ s ot - i Son o BP0
Proof. First note that
Ng . Ng .
A( ’ E) ”“ H/ e '2 )df‘ prel = (07
k=1 k=1 1
Ng . NEg .
/ |wsi<x>|2( o —(X)ﬁf:)dx < (208)
k=1 k=1 1
[ s ( ®pm, )| o= (209
= 1
Using the latter, the proof follows directly from Lemma 4 and Theorem 9 by noting that
IBE B DI <1 (210)
k
A7 h <1 (211)
for all t, k and =x.
O

4 Monitoring CV quantum systems

In the previous section, we have alluded to an analog for SBS states in the continuous variables
setting; in this section, we shall formalize SBS theory for continuous variables by developing the
notion of quantum monitoring apparatus. We have been studying multipartite systems where one
of the subsystems is the system being monitored while the rest are monitoring devices. i.e. think
of the situation where the system might be a single particle, an atom for instance. This atom may
be coupled, through some kind of amplification scheme, to a macroscopic object (the monitoring
device/devices) recording information by the position of a "meter" on a dial. The ensemble of the
system and monitoring device/devices will be referred to as a monitoring apparatus; we formalize
this notion below.

Definition 5. A quantum monitoring apparatus is a septuplet of data

(pso, ®p X ®ng Br), ¥ Ai, &, T)

where

o g, 18 the initial state of the system at t = 0.

kNE 555 s the initial state of the device/devices (EY is used as the superscript due to its

mterpretatwn as the k-th environment).

e vfX)® >k ge(By) is the interaction between the system and the apparatus. We have chosen

von Neumann type interaction where all operators X and ]§k are assumed to be either position
or momentum operators). f(x) and g(x) are arbitrary functions.
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& R 2

o Yyt are the resolution limits of the devices defined as X+ := (FQ [ﬁft ,t'yg;g(Bk)]> LY =

maxy Xkt 15 the resolution limit of the monitoring apparatus. We will utilize this parameter

to bound the size of the partitioning implemented on the state of the system.

o In order to define Ay, the system’s resolution, we must first discuss the representation for the
state pg, in the X basis. Here X = [ x|z)(x|dx, we may express pg, using Spec{X} as follows

ps, = [ [@inlle)siasay

We may partition the integral using the resolution limit as a bound to how small our partitions
may be. Let {x;.}; be a net in the real line at time t with the constraint |z, s — x| > |S¢
for all (x;4, x5), i # j, that lie in the support of the kernel of pg,. We create sets Ay :=
(i — ;’t, zis+ % 5*) centered at x;y with o5 > %t for all t such that |R\|J; A; 4| = 0. We
may now write

Dy, ://<$|ﬁso‘y>|w><y|dxdy=Z/A. /A' (z|ps, |y)|2) (y|dedy = (212)

> PiDaltie) (Wil
ij

where we have defined [1;4) = \/% N WV (x|pg,|z)|x)dx ( utilizing the separability of the
kernel (z|pg,|y) and p;; = fA (z|pg,|T)dz for normalization.

We now define the system’s resolution with respect to the net {x;,} at time t.

Ay = min i1 X ¢) — (| Kb ).
im0l - (500Kl

o & is a quantum map acting on the system. We will primarily use such maps to model deco-
herence in the system.

o T is the max time of some time domain of monitoring [0,T). T may be oo

Definition 6. J-quantum instrument: A §-quantum instrument will be defined as a Monitoring
Apparatus satisfying the following additional assumption.

F2(ppt, oy ) <o,
for all y; € Ay and y; € Ay i # j which are also in the support of (x|pg,|z). Where of course
pET = emitnf (@)on(Br) S ity (20) g (Br)
A quantum apparatus will be called a 0-quantum instrument for all values of t such that the

above conditions are satisfied. We formalize this below and name this time domain the §-quantum-
instrumentalization domain.

k k
T(S(pSOv ®p aIYf ®ng Bk: Etv Ah gtv ) = {t<T‘F(ﬁ5}aﬁ5j) §5V27]7k el #]}

We will simply write Ts when the elements of the model are understood.

Definition 7. non-disturbance: Consider the multipartite state

pr = (e—it’Yf(X)@?Ek gk(ﬁk)) pS ® ® AEY ( —ity ()@Y, gk(Ek)>_
0
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We say that such a state is e— non-disturbable at t > 0 if there exists a global PVM {ISAM ®

A Ik

®,]€Vfl Pi‘ } ‘ ~ such that the successful event, i.e. the event corresponding to all of the subsys-
41,0 N

tems coinciding in their post-measurement readings has probability approximately one in the following

sense. :
A 2k
P — %tZ<PA“®®P )ﬁt<PAiyt®§PiE‘t>

We will name the e-non-disturbance time domain

(pso, ®p , 1f(X ®ng Br), %, Ay, &, T) =

<e€
1

Ng Ng
1 . 525\ (5 5
{t<T pt*mg <PA”®®PZE‘f>pt(PAzt®®PzE)
or k=1 =

and write N, when the model is understood.

Definition 8. Good quantum instruments(Haroche): A good quantum instrument has been defined
by Haroche in [35] as a finite-dimensional-system version of what we call a quantum instrument
whose parameters satisfy the following relationship.

1t >\ Tr (g (B | — Tr{g(B)p™ )7, VA

What > means will depend on a time scale and a desired tolerance. To add precision to Haroche’s
insightful discussion we will get rid of the > symbols and make explicit what we want. Given a
chosen time T, > 0 associated with the time domain for e—non-disturbance and a desired tolerance
0 >0, if for all T > t > T. the parameters of the quantum monitoring apparatus, i.e. -y, Ay,

\/Tr{g,% (Ek)ﬁEg} — Tr{gk(]%k)ﬁEg }2, A¢, and X4 are such that the respective quantum monitoring
apparatus is a d—quantum instrument for a desired portion of the time domain, then the quantum
instrument in question is called a good quantum instrument.

Definition 9. £6- spectrum broadcasting instrument: We will say that a §—quantum instrument is
ed-spectrum-broadcasting when it is e-non-disturbable. The ed-spectrum-broadcasting-time domain
will be denoted as

ST65<pSO7 ®p ) '7f ®ng Bk Eta At; gta )NEQTS
k=1

The spectrum broadcasting instruments associated with tolerance parameters 6 = 0 and € = 0 are
known as spectrum broadcast structures (SBS) for the case where Spec{X} is a discrete set of isolated
points and will be called as continuous variables Spectrum Broadcast Structures (CVSBS) for the case
where Spec{f(} has a purely continuous spectrum.

To add intuition to the above definitions, mainly the definition of a quantum monitoring appa-
ratus, a few comments are in order. Although no constraints are imposed on the initial state of the
system we would like to comment that the tools developed in this paper are not yet fully sharpened
to the extent that they may deal with a general state pg, . Nevertheless, given that there is no result
indicating that a general quantum state may not be a system of some quantum measurement regime
type interaction that projects the spectrum of the system onto the environment we are compelled to
leave pg, as a general state. The same argument goes for the environmental state; although we have
provided a bound for quantum state discrimination involving mixtures of mixed states in (1.2), this
treatment is only useful for mixtures >, g, , where p; = >, p;;., and all p;; , are asymptotically
not overlapping for larger ¢. If more progress were to be made in the quantum state discrimination
theory for mixed states one would understand better the emergence of, or lack thereof, SBS struc-
tures coming from a more diverse group of initial states. We have focused on Hamiltonians of the
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type 'yf(f() ® g(ﬁ) and although our examples only involved the case where f(z) = x and g(z), the
case for more general functions f(z) and g(z) is still very much contained within our framework.
However, computing the decoherence kernels that come from partial tracing in (11) become quite
challenging and one has to apply the theory of stationary phase approximations. We only interested
ourselves to the case where the only dynamics considered were the interaction dynamics, this is
the quantum measurement limit, where the interaction Hamiltonian has the form A ® B. It would
be interesting to adapt the framework presented in this paper to a more general case, perhaps one
in which there is intrinsic dynamics in the system and or environmental degrees of freedom. In
the definition of the quantum monitoring apparatus, we define our resolution/partitioning param-
eter/PVM for the system to be a maximization over all of the local Quantum Fisher Information
for each environment. One foresees the Quantum Fisher information to become quite challenging
with more general dynamics, how much more difficult would be a great thing to investigate in detail.
The resolution parameter depends on a chosen net over the reals. What net to choose in order to
partition the system’s density matrix will depend on the situation. For example, consider a multi
modal distribution (z|pg, |x) := [¢(2)|* with n modes [¢(z)|*i.e. has n critical numbers {z;}i-;.
If the modes are separated enough and most of the support of each of the modes is smaller than
the resolution limit then in such a case we proceed as follows. Define A;, = [z; — S+ %),
with o such that A; ;(A;; = 0 and ¢ > ¥ Vi # j in some time domain ¢ € [0,T) of interest (T
could potentially be 0o), where x; are the critical numbers of |¢)(z)|? in increasing order and define
Apt1e = R\ U, A;;. We then use this partitioning of the real line to partition the system’s
state and use this to compute the system’s resolution. Heuristically, this parameter computes the
smallest gap among the features we are trying to discern. Finally, the quantum maps &; we have
been studying have been kept quite general, with the exception of the examples.

5 Examples

5.1 System with finite-dimensional Hilbert Space C% and all environ-
ments with Hilbert space L*(R).

Consider the monitoring apparatus of the type <ﬁSO, ®ivfl ﬁEg, ’yX @ % ﬁk, 3, Ay, & oo)

e Pg, = Z:‘lj:l ctejli)(j|, where |i) € C%s and Z?ﬁl |ci|?. We use an orthonormal basis {|i)}%5,

for C? here.
« B= Y oke1 Ek, where all By, moment operators.

o X is the operator X := Z?ﬁl ;]i) (3|, diagonal with respect to the orthonormal basis {]i)}%5,.

o f(z) =2z and g(x) = z.

e We will assume the initial environmental state to be a tensor product of macro-environments.
Let pg, = ®fcvfl ﬁgo. We will assume that all of the ﬁlﬁjo are identical. More precisely, we
will assume that these states have the following representation with respect to the generalized
eigenbasis of the operator conjugate to By, (i.e. the position operator in this case).

ol = / / K gy (2,9)|2) (yldrdy (213)

2 2

o 1 x4y

where Kg, (z,y) := rovas P~z
0

e The decoherence quantum map &; will be defined as follows.

ds
Gi(ps,) = D crezemt @=a) ) () (214)

4,J=1
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e For the finite-dimensional Hilbert space we do not need a discretization parameter so here
there is no ;.

o We assume a good quantum instrument regime with respect to the time regime ¢ > g, ¢y :=

802}20 In(ds)
~ZA2

Note that that for pure state

and a quantum-instrumentalization tolerance ¢

> 0. i.e.

F2(pl, pit) <o, to<t, i)

~E,

AB,
Pz,

and pP,

F2(p, plt) is

(215)

equivalent to Tr{ ﬁft ﬁft} to

Given some ¢ > 0 our goal is to verify that such a monitoring apparatus enters the 0 —spectrum
broadcasting instrument regime and to estimate the tail of the e-spectrum-broadcasting-time-
domain. The main hurdle will be to estimate the trace distance defining the non-disturbance
criteria Definition 7. In this case

L Ng A Ne L Ng &
p, = (e—“VX@Zklek)&(ﬁso) © @) P, (e”’YX®Zkin) - (216)
k=1
ds 2 2 PN NE 7 Ne PSS NE §
S creemoflmma (e L B ) (jl @ (Q ply, (¢EXAE B 217)
i,j=1 k=1
ds 2 2 e s B
Y cregem TR (j @ (R e B pl e TP = (218)
i,j=1 k=1
ds ,
3 ciege ot i ®®pu 219)
ij=1
We now estimate the corresponding trace distance in Definition 7.
NE AEI»
i 1P — Z( |®®P ) ( <|®<§Py>l< (220)
1 ds Ng N Ng gk
3 y y X t A y y N t <
min ;(|><|®H)pt(|><|®ﬂ) %E('W'@@PZ >pt<z><z|®§>fz ) =
(221)
1 ds Ng . gk Ne
min ®H)( @]1) il QP ) p, [ livil e QPE | +
in Z;(IM P\ 14)(il ot 2 |2 (i &) pi | 10)(il g 1
(222)
> (len)a (il e1)| = (223)
i#j 1
in Zlczl |2)( |®®pml —7Z|CZH \®®P “E + (224)
=1 1
e e @t < (29

i

\®®pxl |®®P Bl
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ds ,
+Z e—at (zi—xj)?

i#]

J|®®Pu

(226)




ds
+ 3 emati@ma)® = (207)

Np NE e
(® ®Pitﬁr:Pit>
k=

ot k=1 1 iy
ds Ng Ng k
mln Z lci|? ® _ *Z_Et Aff Pi ¢ + Z —ot? (xi—x;)? (228)
i=1 k= t k=1 1 i#]
k k ds
mm Z le; |2 ET AE PE| 4+ Z oot (wi—x;)? _ (229)

b
Going from (228) to (229) we have made use of Lemma 1 and Lemma 4. We have assumed

that the environmental terms are all the same, hence we will write g, Bl as pEt for all k in order
to emphasize the lack of k& dependence. Therefore

AEr PEf tPEf

ds
+ 3 emati@mn)? (230)

Li#j

(229) = 2Ng mln Z |ci]?

wherefrom we may implement Theorem 1 in order to obtain a bound on (230). Before pro-
ceeding we note we are interested in the large ¢ limit and may therefore pass to the regime

where
dg M, =d m \/T pAEtpAE’ 1. 231
S ds( ) Si#j;{laxds} T{ T; azj} < ( )

.....

Using Theorem 6 and Corollary 1 it immediately follows that

ds ds
(230) < C;is,NE Z lci|? Tr{ﬁitﬁif} n Ze—aﬁ(m—wf (232)
i#] i#j
dg—1

ds <1+dstS (t)
N

ag—T -
(1—dstS (t))

For the model at hand, it can be easily shown that

ds,Ng ,_
C, =

where we have defined

2

2,42
NN —vt(z; — x5
Tr{pf pf } =exp %. (233)
Eo
With the latter at hand, we may track the convergence explicitly.
L\ ds—1
<1+dsexp ’YtA> 242 72
(232) = N —d g02 +ds(ds — 1)e~ot™d (234)
1—dgexp = ) Fo
802 1In(ds) .
Now, let € > 0 and define t( := % One can easily show that for
dg,Ng
802, In (2% ) 802 In (2sldsD))
t > T, :=max-< to, A2 , e (235)

we have (232) < e, therefore making this set of values of ¢ a subset of the e-non-disturbance
time domain N, (ﬁso, ®,1€V:El ﬁEé", X ® Z,ivfl B, A, &, oo>. Furthermore, from the good

quantum instrument assumptions (215) we know that

Tr{pyp.'} <0, to <t. (236)
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for i« # j. Given that e ~Po is monotonically decreasing w.r.t to t it follows that since

TE 2 tO

_A2T2\2

LY (237)
803,

for all ¢ # j. This means that the time domains ¢t > T, where T, > t still fall under the good

monitoring apparatus regime (215). The time domain ¢ > T, is a subset of the d-quantum-

Tr{pg! Pz} < exp

k A A
instrumentalization domain Ty (/3507 ®5€le pP . X @ Egjl Bi, A, &, oo). We therefore

conclude that the quantum apparatus (ﬁso, ®ka1 ﬁEf)’c, X ® ngl Bi, A, &, oo) is €
spectrum broadcasting for ¢ > T;.

Note that for smaller desired values of € the e-non-disturbance time domain ¢ > T, shifts to the
right due to greater values of T,. These greater values of T¢, in turn, accommodate for smaller

2272
values of exp 7780# leading to more refined quantum-instrumentalization via (237). We,
E,

0
therefore, conclude that in the limit ¢ — oo this family of apparatuses in question converges
to a spectrum broadcast structure.

5.2 Continuous Variables. The Hilbert spaces of the system and envi-
ronments respectively will all be L*(R).

k A A
Let us consider the quantum monitoring apparatus (/3307 ®f€V:El ﬁEO, X®B, ¥, Ay & T),

where the elements describing the monitoring apparatus are now the following.

e P, is the initial systemic state with corresponding pure state representation (N,

=2)

thse) = c1lon) + cald2) (Jer? + 2] = 1) (238)

in function form, this is equivalently

Vso () = c1¢1(x) + c22() (239)

where each function ¢;(z) € C°(R) with respective supports 1 := supp(¢$1) and Qg =
supp(¢2). Furthermore, we will assume that the functions {¢;(x)}7_, have disjoint supports.

o We will use the same environmental setting as in the previous example, namely (213).

A

« B= Zk:l ]:%k, where all of the operators B are momentum operators

e X is a position operator.

¢ The decoherence quantum map &; will be defined as follows.

_ 222 @—y)?

5(ps) = [ [witamnwe 5 iy (240)

where we have expressed the operator &; (ﬁso) in the position basis.

o We will use the same partitioning parameter o for all of the A;;. We will assume that ¢ >
max{X, [Q1],|Q[}. We will construct a partition in the following way.A; := (z; — §, z; + §),
21 is the midpoint of € and x5 the midpoint of 5 and we assume that z; < xo. Note that
in this case, the partition to be used will be time-independent, this further implies that A will
also be time-independent. The rest of the sets A; 7 # 1,2 will be irrelevant since the respective
terms of the integral (212) will be zero.
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¢ We finally assume the good quantum instrument regime. i.e. for the parameters of the quantum
monitoring apparatus at hand.

Our goal is to verify that such a quantum monitoring apparatus enters the ed—spectrum-
broadcasting-instrument regime for an arbitrary € > 0 and § > 0. In this case the hurdle of es-
timating the trace distance defining the non-disturbance criteria (7) is significantly more challenging
than it was in the previous section. Here,

min < (241)
PVM

Ng N
. A N A 1 A AEfk N N "Efk
PV > (PAi ®H>Pt<PAj ®H> T > (PAz‘ 2 QP ')Pt<PAi ®@P; )‘ 1 < (242)
ij g i k=1 k=1
1 . Ng .k Ng .
min Z(PA ®]I>ﬁt<PA ®H> - Z(PA@@P;)@(PA @@P;) + (243)
i tot k=1 k=1 1
HZ 3 (mi @]1) 5, <PAJ @11) < (244)
i g 1
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AEt AE;

t DE: AE:DE:
— Pg; - P; ‘P

()

\/2NE sz/|1/)s1 |2

: _ || AE
da: + PP B, \/NE sz‘ Py
DD IPaéi(ps,)Palh (246)

EVE
where we have used Corollary 2 and equations (113) through (118) in the final term of the above
sequence of inequalities. We also made use of the fact that all of the environmental degrees of

A k
freedom are the same and all By are the same. To accentuate the latter we wrote p&t = pE+

and lADEt = ISE‘k for all k£ to accentuate the k£ independence. We remind the reader that the term
pii= [, s, (@) Pdo.

We will now treat each one of the terms in (245) and (246) independently. We will begin with
the sum pertaining to the non-diagonal terms, i.e. >3, > .. ; |Pa, & (ps,)Pa,lli- Sections 3.1 and
3.2 tell us how to bound such a trace distance. In this case, the corresponding off-diagonal terms
will be bounded by using the Kupsch-like bounds derived in section (3.1).

—~2¢2 CA22(p — )2
Po XY e (e T g e 25 ) -
i giiFe i jijti (TYIEAIXA; UEO( |
247
—*t(x—y)® | o —22(z — )2
> 2. sw (%XP 3 + <3 Iw—yeXp2>. (248)
i g (@YENIXA; 80%, 803, 802,

For this case Ns, = 2 the supports of the ¢; are not overlapping, |A;| > ||, ¢ = 1,2. Therefore,

_ 2t2 _ 2 2t2 _ 2t2 _ 2
(248) =2  sup (2 exp 7 8(§ v) + 1 20 |z — y|exp W) < (249)
(z,y)EAL X Az 9k 9k 9B,

0

4exp

24272 242 0
vt 1<1+7t 2”) (250)

40%0 802EU
where (249) is so because the terms we are taking the supremum over are symmetric with respect
to exchanges of x with y and vice-versa. In (250), A; := min{Ag} — max{Al} while Ay :=
max {AQ} — min {Al}.

Let us now concentrate on the diagonal terms. We will begin with the optimization term.

min | Np ;p prs PP P = (251)
2
min NE; pi||pLr — PP pliPl < (252)
V2NETr{p By = (253)
\/QNEeXp_fy2t28(ij%_x2)2 = meXpW < 2NEeXp_£YE;t;EZX% (254)
0 0 0

Here we have used Theorem 1, which for the dg = 2 case is simple to compute. For dg much larger
we would have resorted to using Corollary 1. Finally, we bound the remaining diagonal term. The
purity error of the states [ |¢;(x AEt.

AEt "Et

dr< (255)

2Ng Z]%/M’z |2
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with A defined as max;—1 2 |€;].
With all of the terms now estimated we recapitulate with the bound below.

1 R NEg N R Ng .
0, — Pa. P |p, | Pa, P
Py s Z; A ® § i P Pa, ® ® i

k=1

min
PVM

<
1

_ A2 2A2 2t2 A/_\ _ 2t2/_X2 _ 2t2)\2
goxp LR (1 YO8 N e LA L oNg 1 - exp 2o
802, 4oy, 160, 802,

0 0 0 0

The parameters A; and Ay have the following bounds.
Ay > A —2), while Ay <A+ A
Proof. Let p1 := [ 2|¢(x)|*dr, and p2 := [, x|¢(z)[*dz. Then,

A= min{Ag} — maX{Al} >
min{Ag} — max{Al} — <(maX{A1} — ,ul) + (,u2 — min{AQ})> >

min {Ag} — max {Al} + ()\ + A)

This gives us Ay >A—2)\ To get Ay < A+ )\ one implements the same simple techniques.

Hence,

—22A%(1 - 22)2 220N (1 + 23
(259) < dexp 2 1 =23) (1+M>+

2 2
SO'EO 40EO

—~2$2A2(1 = 22 —A212)\2
V2Ng exp 2l 16( A) + 4| 2Ng 1—expg7
E() EO

(256)

(257)

(258)

(259)

(260)

(261)
(262)

(263)

(264)

(265)

To further analyze the bound (264),(265) with more ease we introduce the variable 7 := 22 The
0

OE

latter is now written and bounded as follows.

—72(1-2%)? 20(1422
(250) < dexp 028 < 2) (1+T U(4X A)>+

2 ,\ 72)2
V2Ngexp ———=— A 2Ng 1—eXp
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(267)

(268)

(269)

(270)
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Now, take 1 > ¢ > 0 and 1 > € > 0. For our quantum monitoring apparatus to be a d- quantum
instrument (6) we require that

Tr{plplt} <6, Y (x1,22) € Q1 x Qo (275)
It can easily be shown that this holds for

—81Iné
1-%)%

Furthermore, if we would like the quantum monitoring apparatus to be e-non-disturbable as well,

then the following must also be satisfied.
)+\/2NE\/1—6§A5 <e (277)

(276)

£)°-

A

6\/NEe_T2<(

The latter implies the following two bounds on 7.

Tgi\/—sm (1—(8]55]5)2) (278)

€

12VNp (279)

—1In
T2

=

(G- 57 - 5nms)
Changing back to 7 = "’tA the inequalities (276)(278)(279) have the following form.
ging

OE, —8Ind
ToA\ (1= 2F)

(280)

€

1> 2 | — BESENAYE (281)
M (G-97 - %)

= ()2 (- () g

In general, such a system of inequalities will not be satisfied. For the above system of inequalities
to hold, the following inequality must be satisfied.

} <2 (283)
)



If (283) is satisfied for some prescribed A and o, and if % is large enough so that

(4o \/_sm (1- (=) 2 (254)

with U’”XJ small, then our quantum monitoring apparatus is a ed-spectrum broadcasting-instrument.
Furthermore, the associated e§-spectrum-broadcasting-time ST.5 is then given by the inequalities
(280)(281)(282).

6 Future work

Qups(t) = 5 Do, ps (0] +7Dlo_Ips () (285)

this concludes our work. Equation (285) is the master equaiton of the two-level atom spontaneous
emission model.
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