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Abstract—Solutions to the Schrödinger equation can be used
to predict the electronic structure of molecules and materials and
therefore infer their complex physical and chemical properties.
Variational Quantum Monte Carlo (VMC) is a technique that
can be used to solve the weak form of the Schrödinger equation.
Applying VMC to systems with N electrons involves evaluating
the determinant of an N by N matrix. The evaluation of this
determinant scales as O(N 3 ) and is the main computational cost
in the VMC process. In this work, we investigate an alternative
VMC technique based on the Vandermonde determinant. The
Vandermonde determinant is a product of pairwise differences
and so evaluating it scales as O(N 2 ). Therefore, this approach
reduces the computational cost by a factor of N .
The Vandermonde determinant was implemented in PyTorch
and the performance was assessed in approximating the ground
state energy of various quantum systems against existing techniques. The performance is evaluated in a variety of systems,
starting with the one-dimensional particle in a box, and then
considering more complicated atomic systems with multiple
particles. The Vandermonde determinant was also implemented
in PauliNet, a deep-learning architecture for VMC. The new
method is shown to be computationally efﬁcient, and results in a
speed-up as large as 5X. In these cases, the new ansatz obtains a
reasonable approximation for wavefunctions of atomic systems,
but does not reach the accuracy of the Hartree-Fock method
that relies on the Slater determinant. It is observed that while
the use of neural networks in VMC can result in highly accurate
solutions, further work is necessary to determine an appropriate
balance between computational time and accuracy.
Index Terms—Schrödinger equation, Vandermonde ansatz,
Variational Monte Carlo,

When applying VMC to many-electron atomic and molecular systems, it is typical to use the Born-Oppenheimer approximation and assume the nuclei have ﬁxed coordinates relative
to the electrons; then a number of single-electron orbitals are
modeled, with separate terms to account for the interactions
of electrons.
A particularly important property to enforce is antisymmetry – under exchanges of same-spin electrons, the sign of
the wavefunction must undergo ﬂipping. The typical way to
enforce antisymmetry is to arrange the single-electron wavefunctions in an aggregate Slater matrix, whose determinant is
computed with a computational cost of O(N 3 ), this is seen in
section III subsection B. This technique forms the basis of the
neural architectures described in [2], [4], and asymptotically
dominates the computational costs.
The Vandermonde determinant has been proposed as an
alternative construction for enforcing antisymmetry [5]. Since
the Vandermonde determinant can be written as a product of
pairwise differences, it can be evaluated using only O(N 2 )
operations. In this paper, we investigate the use of the Vandermonde determinant as an alternative means of enforcing
antisymmetry when solving Schrödinger’s equation and also
implement it under the framework of the PauliNet architecture
[4].

I. I NTRODUCTION
Variational Monte Carlo (VMC) is an established technique
for computing the ground-state energy of quantum systems.
It is one algorithm provided by major HPC applications for
quantum Monte Carlo such as QMCPACK [1]. Recently, a
number of papers [2]–[4] have recognized that techniques
from deep learning can be adopted naturally into the VMC
setting. In VMC, the wavefunction of a quantum system is
approximated as a parametric function, while modern neural
networks make excellent function approximators.

A. Variational Monte Carlo
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II. BACKGROUND

Variational Monte Carlo (VMC) is a technique that can
be used to estimate the ground state of a quantum system.
We assume that we have access to the Hamiltonian H that
characterizes the system. We would like to approximate the
ground state wavefunction |ψ, also written ψ when working
in the dual space, which is the solution of the time-independent
Schrödinger equation
H |ψ = E |ψ
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The μ denotes an index when there are multiple copies
of certain basis sets or other functions.
• ϕμ (r) are Hartree-Fock functions, a well-known approximate solution derived by making simplifying assumptions
to the physical problem until it becomes analytically
tractable; they are essentially treated as inputs. They are
modiﬁed to enforce nuclear cusp constraints, and they
naturally enforce decay of the wavefunction to zero as
electrons stray far from the nucleus.
• The terms Jθ and fμ,θ are learnable neural networks;
the fμ,θ are the backﬂow factors which model electronelectron interactions and scale the basis functions; the Jθ
is the Jastrow factor which models global correlations
between electrons but does not affect antisymmetry.
• The γ are ﬁxed, physical cusp constraints: as electrons
approach each other the wavefunction must obey certain
physical behavior.
• The rescaled ϕ are combined using Slater determinants,
split according to spin up (↑) or spin down (↓) electrons
(antisymmetry only applies to electrons with the same
spin).
• There may be multiple copies of each Slater determinant,
which are indexed by p and combined in a weighted sum.
We focus on the single-determinant case for most of our
work, however.
• Implicit in the implementation of Equation (1) is the use
of SchNet [8] to transform electron coordinate inputs into
a 128-dimensional vector for input into fθ and Jθ .
The architecture combines physically motivated inputs and
architectural choices with ﬂexible transformations represented
by general function approximators.

for the lowest-energy state of the system. The variational
principle of quantum mechanics states that all wavefunctions φ
other than the true ground state wavefunction Ψ0 yield higher
expectation values for the energy: EΨ0 [E] ≤ Eφ [E]. Variational Monte Carlo uses this principle to estimate the ground
state wavefunction and ground state energy. The procedure,
roughly speaking, consists of the following steps (as described
in [2]):
1) Start with some initial variational ansatz |ψα (x) from
some class of functions parameterized by α.
2) Using Markov-chain Monte Carlo (MCMC) techniques
[6], [7], sample from the probability distribution implied
2
by this wavefunction: π(x) ∝ ||ψα (x)| .
3) Minimize the expected value of the energy of the system
 ∗
ψ (x)Hψα (x)dx
ψα |H|ψα 
E[E] =
=  α∗
.
ψα |ψα 
ψα (x)ψα (x)dx

•

Using the samples xi ∼ π(x), we can approximate this
expected value by computing
N
1  ∗
ψ (x)Hψα (x)
N i=1 α

and approximate the variance by computing
N
1  ∗
(ψ (x)Hψα (x) − E[E])2
N i=1 α

and optimize the parameters α of the ansatz to minimize
some combination of these losses.
B. Deep neural network ansatz
PauliNet [4] is a neural network architecture for solving N body electron systems (i.e., molecular and atomic systems).
It uses deep learning techniques to approximate electronic
wavefunctions. Although it uses neural networks, it is also
physically inspired and borrows ideas from traditional techniques. In particular, it effectively incorporates the HartreeFock method which is a baseline analytic approximate solution
to a simpliﬁed version of the appropriate Schrödinger equation.
Below, we provide a high-level overview of the architecture
of PauliNet, and the procedure for training it to minimize the
ground-state energy. Then, we give more detailed explanations
of speciﬁc important properties of its architecture.
PauliNet uses a Slater-Jastrow-backﬂow ansatz. Ansatzes
of this general form have long been popular for variational
Monte Carlo, and are widely used including in QMCPACK
[1]. PauliNet follows this basic structure but replaces various
parts of it with neural networks. It constructs the ansatz in the
following form:
Ψθ (r) = eγ(r)+Jθ (r)



cp det(ϕ̃↑μp (r))det(ϕ̃↓μp (r))

p

III. VANDERMONDE AND S LATER A NSATZ ON S IMPLE
S YSTEMS
A. Getting started
As a testbed for comparing different ansatzes, we implemented our own variational Monte Carlo pipeline. This uses a
simple Metropolis-Hastings sampler, and the standard “score
function” stochastic gradient descent estimator, also used in
PauliNet:
L(θ) = Er∼|Ψθ (r)|2 [Eloc [Ψθ ](r)]
∇θ L(θ) = 2Er∼|Ψθ |2 [(Eloc [Ψθ ](r) − L(θ))∇θ log |Ψθ |]
We experiment with a number of simple physical systems
but primarily focus on systems where antisymmetry of the
wave function is a concern.
B. Antisymmetry: Slater and Vandermonde determinants
Due to the Pauli exclusion principle, it is standard to
require that the wavefunction Ψ for a system of fermions obey
antisymmetry. The traditional way to enforce this is to employ
a Slater determinant constructed from the components of a
Hartree product [9, section 14.5] as presented below.

(1)

ϕ̃μ (r) = ϕμ (ri )fμ,θ (r)

ΨHP (r1 , r2 , ..., rN ) = φ1 (r1 )φ2 (r2 )...φN (rN ).

This expression is described in more detail below.
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The φi are hydrogenic functions. And the
is

 φ1 (r1 ) φ2 (r1 ) · · ·

 φ1 (r1 ) φ2 (r2 ) · · ·

ΨSlater =  .
..
..
 ..
.
.

φ1 (rN ) φ2 (rN ) · · ·

We will return to these models in the experimental results
section, for now we will develop the two fermions in a box
system as a base for what is to come. The two fermions in a
box system consists of two fermions (particles where the Pauli
exclusion principle applies) in a box (ﬁnite volume inﬁnite
potential well) that the fermions are restricted to. The system
is relatively simple and analytically tractable – in fact, for
the most naturally deﬁned ansatzes the local energy does not
depend on the particle conﬁguration, making variational Monte
Carlo totally unnecessary. This model is nevertheless a good
initial testing ground for VMC. As a concrete example, we
consider the Schrödinger equation for the 1-D box case,
 2

∂
∂2
2
+
−
Ψ(x1 , x2 ) = EΨ(x1 , x2 ).
2m ∂x21
∂x22

Slater determinant

φN (r1 ) 
φN (r2 ) 

..

.

φN (rN ) 

However, computing a determinant has a complexity of
O(N 3 ), which is costly.
An alternate method of enforcing antisymmetry is the Vandermonde determinant. This has been proposed, for instance,
in [5]. In brief, the Vandermonde determinant takes as input a
map (φ(r1 ), φ(r2 ), · · · , φ(rN )) and takes the determinant of
the following matrix:

1 φ(r1 )1

1 φ(r2 )1

detV =  .
..
 ..
.

1 φ(rN )1

φ(r1 )2
φ(r2 )2
..
.

φ(rN )2

···
···
..
.
···

The time independent Schrödinger in this case amounts to
the simple eigenvalue problem corresponding to the Laplacian.
The Laplacian indeed has a discrete spectrum over a bounded
domain. For a 1-dimensional box of length L and the particles
bounded to the domain [0, L], the eigenvalue/eigenvector pairs
2 2
the correspondare the energies En1 ,n2 = 2Lπ2(n21 + n22 ) with


φ(r1 )N −1 
ϕ(r2 )N −1 

..

.

φ(rN )N −1 

n1 πx1
n2 πx1
2
2
ing states Ψn1 ,n2 (x1 , x2 ) =
L sin( L )
L sin( L ).
Let us now calculate the corresponding local energy:
 2

∂
2
1
∂2
{−
Eloc =
Ψn1 ,n2 (x1 , x2 )}
+
Ψn1 ,n2 (x1 , x2 )
2m ∂x21
∂x21

This is a determinant, and assuming the vector of ϕ is permutation equivariant (as it is in our applications), exchanging
two inputs will exchange rows of the matrix, swapping signs
of the determinant, so that antisymmetry is enforced.
The Vandermonde determinant has an advantageous property: one does not need to write out the full matrix and actually
take its determinant; instead, it is possible to use the following
expression, requiring only O(N 2 ) operations:
detV =



This local energy is independent of conﬁguration, therefore
structurally for an ansatz will yield trivial results: VMC would
be completely superﬂuous as samples from the wavefunction
would serve no purpose. The same issues arise even after
implementing antisymmetry via a Slater determinant. In order
to test VMC, in Section V-A, we devise a deliberately deﬁcient
ansatz, using both Slater and Vandermonde determinants.
Below, we denote parameters by α1 , α2 , etc. After working
through this toy model we will consider the Helium atom,
Lithium, Beryllium and then ﬁnally Lithium hydride using
the conventional Slater determinant techniques as well as our
Vandermonde approach.

(ϕ(ri ) − ϕ(rj )).

i<j

Thus the Vandermonde determinant is a potentially efﬁcient
technique for enforcing antisymmetry with a lower computational cost than the widely-used Slater determinant.
C. Deﬁciencies of the Vandermonde ansatz
When trading the Slater ansatz for the Vandermonde ansatz
we constrained ourselves to the physical information carried
by a single φi in the array used to compute the Slater
determinant. To overcome this loss of physical information, the
Vandermonde determinant can be multiplied by an appropriate
symmetric function in order to add more physical information
to the ansatz such as the boundary conditions imposed by the
system. See, for example, the ansatz for the two fermions in
a box system in Equation (4).

IV. VANDERMONDE A NSATZ IN PAULI N ET
A. Vandermonde determinants
The main motivation for replacing the Slater determinants
with Vandermonde determinants in PauliNet is in reducing
the computational cost of evaluating the local energy. In
PauliNet, the cost of evaluating the wavefunction scales as
O(N 3 ) where N is the number of electrons. This is because
the cost of computing the Slater determinants is N 3 and the
determinant calculations dominate the cost of evaluating the
wavefunction. Due to the kinetic energy, evaluating the local
energy scales as N times the complexity of evaluating the
wavefunction. Therefore, the computational cost of PauliNet
scales asymptotically as O(N 4 ).
In contrast, evaluating the Vandermonde determinants scales
as O(N 2 ). Therefore, replacing the Slater determinants in
PauliNet with Vandermonde determinants reduces the computational cost from O(N 4 ) to O(N 3 ).

D. Two fermions in a box
For our experiments, we considered the following physical
systems:
• To verify our solutions, we considered the toy problem of
two fermions in a box – a slight variation on a textbook
problem in quantum mechanics.
• We also considered n-electron systems: Helium (2 electrons) and Lithium (three electrons).
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Slater matrix afforded by the above ansatz we may achieve
antisymmetry.

In the next sections, we outline our implementation of the
Vandermonde determinant in PauliNet. We compare performance on various atomic systems including Beryllium and
Lithium hydride. Finally we provide a visual comparison of
the wavefunctions obtained by using PauliNet with the Vandermonde determinant and PauliNet with the Slater determinant.
B. General approach
There are two Slater determinants in the PauliNet ansatz.
Instead of taking a Slater determinant, our modiﬁcation to
PauliNet ﬁrst takes a product of the ϕ˜μ in eq. (1) and then
takes the Vandermonde determinant of the product. That is,
N
letting ϕ̃ = μ=1 ϕ̃μ (r), we set

(ϕ̃(ri ) − ϕ̃(rj )),
detV :=

Fig. 1: Two particles in a box. Gradient descent for the Slater Ansatz. Using
the ansatz in Equation (2) we estimate the ground state energy.

Figure 1 shows the training results for the following ansatz,
which is a 2-dimensional Slater determinant of the Slater
matrix constructed from the ansatz Ψexcited and Ψground
discussed above:

i<j

and replace every Slater determinant in PauliNet with the
corresponding Vandermonde determinant detV .
C. Enforcement of cusp and other conditions

2α2
1
Ψ(x1 , r2 ) = (1 − x2α
1 )(1 − x2 )x2

In order for antisymmetry to be enforced, the ϕ̃ must be
permutation equivariant. The same is true for the Vandermonde determinant: this motivates our use of the products
N
μ=1 ϕ̃μ (r), which incorporate information from the whole
basis while ensuring permutation equivariance – exchanging
two electrons will exchange only the positions of their respective ϕ̃ without changing values.
While this construction can ensure that antisymmetry is enforced, it has a drawback compared to the Slater determinant.
If any electron violates the boundary conditions, its ϕ̃ goes to
zero: then every term in the Slater determinant will go to zero,
while the same is not true of the Vandermonde determinant.
After observing and debugging unexpected samples of conﬁgurations with inﬁnite or zero energy, we realized that it was
necessary to have a separate term outside the Vandermonde
determinants enforcing these properties.
Since the underlying Hartree-Fock functions ϕ)μ enforce
these conditions, we simply select a single ϕμ and multiply
N
the entire wavefunction by i=1 |ϕμ (ri )| – thus ensuring that
if any electron violates cusp or boundary conditions, the entire
wavefunction still goes to zero. This term, which falls outside
of the determinants, is a symmetric function as required.

(2)

2α2
1
− (1 − x2α
2 )(1 − x1 )x1

Figure 2 shows the training results for another Slater-based
ansatz, with slightly different basis:
2

2

−α2 x2
−α2 x1
1
1
− (1 − x2α
Ψ(x1 , x2 ) = (1 − x2α
1 )e
2 )e

(3)

as well as the results for a basic Vandermonde-based ansatz:
Ψ(x1 , x2 ) = (1 − x21 )α1 (1 − x22 )α1
× (sin(α2 x1 ) − sin(α2 x2 )).

(4)

Both Slater ansatz cases achieve convergence to the true

V. E XPERIMENTAL R ESULTS
A. VMC for simple systems

Fig. 2: Convergence plots for the two-fermions-in-a-box system near the
ground state energy using the Slater ansatz from Equation (3) (left) and the
Vandermonde ansatz from Equation (4) (right).

For two fermions in a box we must make sure that the
wave function satisﬁes antisymmetric conditions. Recall that
the Pauli exclusion principle tells us that two particles cannot
occupy the same state. To enforce this we must ﬁnd a function,
Ψexcited (x1 ) for particle one, that has the same geometry
as the second excited state and use this in conjunction with
the ﬁrst excited state wave function,Ψground (x2 ), to create
a total ground state ansatz for our two particle system,
Ψtotal = Ψexcited (x1 )Ψground (x2 ). A possible pair of ansatz
are Ψexcited (x) = −(1−x2α1 )x and Ψground (x) = (1−x2α2 ).
Finally, implementing a Slater determinant on the appropriate

ground state energy as seen in plots on Figure 1 and Figure 2.
Despite not fully converging to the ground truth, the Vandermonde ansatz allows for speed up in convergence. Figure 2
shows on the right a relatively rapid convergence in vicinity of
the true ground state energy, on the other hand, the Gaussiantype Slater ansatz on the left of Figure 2 converges about 20
iterations after our Vandermonde type ansatz, Equation (4),
has already converged. It is surprising nonetheless, that the
ansatz used in the leftmost ﬁgure of Figure 2 converges.
The Gaussian terms do not satisfy the necessary boundary
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conditions, but the variational parameters optimize to alleviate
this issue. Despite the Vandermonde ansatz’s ability to yield
the fastest converging approximate energy it is the weakest
of the ansatzes, in this two particle in a box case, due to
the relatively signiﬁcant discrepancy between the attained
approximate ground state energy and the true ground state
energy.
We now consider a few atomic systems. Due to the Pauli
exclusion principle we will need to force antisymmetry via a
physically inspired ansatz.
The traditional Helium Slater ansatz is
Ψ(r1 , r2 ) = e−α1 r1 e−α2 r2 − e−α1 r2 e−α2 r1 .

Speedup due to the Vandermonde determinant
Two
Helium Lithium
Fermions
in a box
Vandermonde
2.5
1.38
5.26
versus
Slater
speedup
TABLE I: Comparison of the convergence speedup attained from the usage
of a standard Salter determinant ansatz and the Vandermonde ansatz (Values
are approximated from ﬁgures 2, 3 and 4). The Vandermonde type ansatz
converges faster than the Slater ansatz.

(5)
The results can be seen in Figure 4. This result shows that
we achieve faster convergence for the Vandermonde ansatz.
We note that with more iterations we may see the Slater
determinant ansatz further converge to the true ground state
but this was not tested in our experiments. It also remains to
be tested whether the variability around the true ground state
energy for the Vandermonde ansatz is less than that of the
Slater ansatz.

Fig. 3: Convergence plots for the Helium system using the Slater ansatz from
Equation (5) (left) and the Vandermonde ansatz from Equation (6) (right) The
times of realization are 11 min and 8 min, respectively. The Vandermonde
type ansatz yields a signiﬁcant speed up in computation time.

This ansatz uses Hydrogenic type wavefunctions, φ(r) =
e−αr , as a basis for the construction of the Slater determinant.
Indeed, if the two electrons orbiting the nucleus of the Helium
atom did not interact with one another, each electron would
simply behave as if it were part of a hydrogen atom.
In Figure 3 we see the convergence of our estimated local
energy to the true ground state energy for both the Slater and
Vandermonde type ansatz. The corresponding Vandermonde
ansatz is of the form presented below.
Ψ(r1 , r2 ) = e−α1 r1 e−α1 r2 (e−α2 r1 − e−α2 r2 ).

Fig. 4: Convergence plots for the Lithium (3-electron) system near the
ground state energy using the Slater ansatz from Equation (8) (left) and the
Vandermonde ansatz from Equation (7) (right)

In this section we have so far analyzed a variety of ansatzes
for three different models that obey the Pauli exclusion principle. TABLE 1 shows a summary of the speed up for all
of the models studied with our software. We compute the
values presented in the table by taking the time elapsed prior
to convergence for with use of the Slater ansatz and dividing
this by the time elapsed prior to convergence with the use
of the Vandermonde ansatz. The value 2.5 in the second
cell of the second row says that the Salter ansatz requires
2.5 times the time required by the Vandermonde ansatz in
order for the corresponding gradient decent to converge. One
major challenge was tuning the hyperparameters of the VMC
pipeline (i.e., learning rate, proposal distribution standard
deviation, momentum, wavefunction input restrictions, number of walkers and number of steps for the Monte Carlo).
Exploitation of known physical properties and symmetries or
in some instances trial and error was needed in order to ﬁnd the
correct initialization necessary to attain a convergent gradient
decent. To study more complicated systems such as Lithium
hydride and Beryllium, we employed the PauliNet software.

(6)

The component e−α1 r1 e−α1 r2 is symmetric with respect
to r1 and r2 while the term (e−α2 r1 − e−α2 r2 ) yields the
antisymmetry desired.
As a ﬁnal test of the efﬁcacy of the Vandermonde ansatz we
perform gradient decent on the parameterized approximate energies afforded by both a Vandermonde and Slater determinant
ansatz. Lithium Vandermonde is as follows
Ψ(r1 , r2 , r3 ) = e−α1 r1 e−α1 r2 e−α1 r3
⎛
⎞
2


⎝ e−αl+1 ri − e−αl+1 rj ⎠ .
×
l=1

(7)

i<j

The Slater determinant ansatz in
 −α r
e 1 1

Ψ(r1 , r2 , r3 ) = e−α2 r1
e−α3 r1

this case is
e−α1 r2
e−α2 r2
e−α3 r2


e−α1 r3 
e−α2 r3  .
e−α3 r3 

(8)
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B. VMC for atoms and molecules with PauliNet

In both of these systems, we ﬁnd that the Slater determinant
reaches a lower energy – much closer to the true values in
both cases. The energies reached are listed in the captions of
Figures 5 and 7.
We also make plots showing how the wavefunction changes
after every 50 training iterations over the course of 800 total
iterations. In particular, we train PauliNet using both the Slater
determinant and the Vandermonde determinant, and every 50
training iterations, we estimate ||Ψx |2 −|Ψx−1 |2 | by evaluating
Ψx and Ψx−1 at 3000 random points, where Ψx is the
wavefunction after 50x training iterations. This is a measure
of how much the wavefunction changes during training. The
results are shown in Figure 6. We ﬁnd that PauliNet with the
Slater determinant continues to train, while the Vandermonde
determinant trains quickly at ﬁrst but appears to get “stuck”
in a local minimum far from the true ground state energy.
The relative accuracy of various methods is most readily

We used the same architectural designs as the original
PauliNet paper (see Table 2 in [4] for the full set of parameters), with a few exceptions. We only used a single determinant
for both the Slater and Vandermonde cases. All network sizes
and dimensionalities of feature representations remained the
same, and we used the same basis functions. We found it
necessary to lower the maximum learning rate to 0.005 from
the default 0.01. We ran for 600 or 800 iterations, less than
for the results collected originally in [4].
1) Results and Comparisons: With the Vandermonde determinants, convergence was achieved but to an energy relatively
far from the correct answer – the Slater determinants reached
much closer. To visualize the wavefunction during training,
we made plots of the wavefunction sliced along a single
coordinate of a single electron.

Fig. 6: Norm of difference in wavefunction outputs evaluated at 3000 random
points, every 50 training iterations.

understood by comparing the estimation of the ground-state
energy. In particular, we compared our estimation of the
ground state energy to the estimation obtained by the HartreeFock method and the original PauliNet. PauliNet uses the
Hartree-Fock method as a baseline solution and as a starting
point for the variational Monte Carlo method. It ﬁrst performs
a Hartree-Fock calculation to produce one electron orbitals
ϕμ (ri ) (see Equation (1)) which are then used as inputs to
PauliNet. After performing variational Monte Carlo, PauliNet
signiﬁcantly surpasses the accuracy of Hartree-Fock. The
authors of PauliNet demonstrate this in [4] by comparing
the accuracy of their solution after 7000 training steps to the
Hartree-Fock method and another deep learning based VMC
method.
After 7000 training steps, our modiﬁcation with the Vandermonde determinant in general does not exceed HartreeFock accuracy. Others who used similar constructions [3] also
reported poor results. In order to present our method as a
viable low-cost alternative to PauliNet, we would at least want
to surpass the accuracy of Hartree-Fock for most systems. We
believe that there may be other modiﬁcations that one could
make in order to achieve this level of accuracy while still
maintaining the N 3 asymptotic complexity.

Fig. 5: Two slices of the PauliNet wavefunction for Beryllium. Two different
slices of the wave function are plotted every 50 steps over the course of 800
total training steps. Thinner lines are earlier time steps, thicker are later. The
ground state energy estimation at the ﬁnal iteration is -13.2703 for PauliNet
with the Vandermonde determinant, and -14.6479 for PauliNet with the Slater
determinant. The true ground state energy is -14.6674.

Figure 7 shows the evolution of the wavefunction for LiH,
a system with four electrons (one for hydrogen and three for
lithium). Figure 5 shows the same evolution for Beryllium, a
single-atom system with four electrons.

VI. C ONCLUSION
A possible limitation of our adaptations to PauliNet might
be the use of the Hartree-Fock-derived basis functions as
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QMCPACK [1]. Variational Monte Carlo relies on the use of
a ﬂexible parametric ansatz to represent the wavefunction.
Recently, several authors including [2], [4] have proposed
to use deep-learning-based ansatzes in the variational Monte
Carlo pipeline. These techniques show promise – using the
relatively simple VMC algorithm, they are able to achieve
performance commensurate with more complex algorithms. In
this work, we focused on the PauliNet architecture from [4].
For many-electron systems, most common ansatzes (including both PauliNet and QMCPACK) use a construction
known as the Slater determinant to enforce antisymmetry. For
an N -electron system, this requires taking the determinant
of an N × N matrix, an O(N 3 ) operation which in some
cases is the asymptotically dominant term for computational
cost. There is however another possible construction known
as the Vandermonde determinant. The authors of [5] show
that the Vandermonde determinant can function as a universal
approximator for antisymmetric functions, and [3] uses a
Vandermonde-type construction, suggesting that in principle,
it could work as well as the Slater determinant as part of a
ﬂexible deep-learning-based ansatz. Yet it is potentially only
an O(N 2 ) operation.
To investigate the feasibility of replacing the Slater determinant with the Vandermonde determinant, we have followed
two approaches:
• We implemented our own variational Monte Carlo
pipeline on which we tested simple Slater and
Vandermonde based ansatzes on simple physical
systems.
• We proposed the use of the Vandermonde determinant in
place of the Slater determinant in the PauliNet architecture.
In general, we found that the Vandermonde determinant
does not work as well as the Slater determinant. In our own
implementation, its performance is tolerable, suggesting that
as systems scale up and the asymptotic difference in evaluation cost becomes relevant, the trade-off in computational
cost could be reasonable. Within PauliNet, the use of the
Vandermonde determinant results in a wavefunction that, while
somewhat viable, performs signiﬁcantly worse than PauliNet
with Slater determinants.
With regards to PauliNet, a major challenge during development was ensuring the appropriate enforcement of physical
boundary conditions – this falls out naturally when using
the Slater determinant but required extra effort to guarantee
using the Vandermonde determinant. It is possible that different techniques for enforcing these conditions might give
better performance than the ones we used. Additionally, it
is possible that the input Hartree-Fock basis functions are
not well-adapted for the Vandermonde determinant, and that
deriving new basis functions could also signiﬁcantly enhance
performance.

Fig. 7: Two slices of the PauliNet wavefunction for Lithium hydride. Two
different slices of the wave function are plotted every 50 steps over the course
of 800 total training steps. Thinner lines are earlier time steps, thicker are
later. The ground state energy estimation at the ﬁnal iteration is -7.1686 for
PauliNet with the Vandermonde determinant, and -8.0619 for PauliNet with
the Slater determinant. The true ground state energy is -8.07.

predetermined inputs to the ansatz. The core Hartree-Fock
ansatz itself uses a Slater determinant, so the parameters
of the basis functions might be particularly well-tuned for
use in conjunction with Slater determinants. The ﬂexible
neural networks of the rest of the PauliNet architecture are
still capable of learning, but when using the Vandermonde
determinant they might have to overcome this limitation.
As such, one possible avenue for improvement might be
replacing the basis functions ϕ with ones somehow better suited to the Vandermonde determinant. The authors of
PauliNet claim that part of the success of their method is
the fact that it begins with the physically plausible HartreeFock functions. It might be possible to initialize by solving
some analogue to the Hartree-Fock wavefunction that uses
a Vandermonde determinant instead of a Slater determinant,
potentially yielding better performance.
Variational Monte Carlo is a widely-used algorithm for
approximating the ground state energy of quantum systems.
While more complex variations of Monte Carlo approaches
can give better performance, VMC is widely used and implemented in many popular high-performance codes including
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