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Abstract

Solutions to the Schrödinger equation can be used to predict the electronic structure of
molecules and materials and therefore infer their complex physical and chemical properties.
One area of application is the design of semiconductors for computer chips. Variational
Quantum Monte Carlo (VMC) is a technique that can be used to solve the weak form of the
Schrödinger equation. Applying VMC to systems with N electrons involves evaluating the
determinant of an N by N matrix. The evaluation of this determinant scales as O(N3) and
is the main computational cost in the VMC process. In this work we propose an alternative
VMC technique based on the Vandermonde determinant. The Vandermonde determinant
is a product of pairwise differences and so evaluating it scales as O(N2). Therefore, our
approach reduces the computational cost by a factor of N .

We implemented VMC using the new low cost approach in PyTorch and compared its
use in approximating the ground state energy of various quantum systems against existing
techniques, starting with the one-dimensional particle in a box and moving on to more
complicated atomic systems with multiple particles. We also use the Vandermonde deter-
minant as a part of PauliNet, a deep-learning architecture for VMC. While the new method
obtains a reasonable approximation for wavefunctions of atomic systems, it does not reach
the accuracy of the Hartree-Fock method that relies on the standard determinant. We ob-
served that while the use of neural networks in VMC can result in highly accurate solutions,
further new approaches are needed to best balance computational cost with accuracy.
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Chapter 1

Introduction

Advanced Micro Devices (AMD) is a semiconductor company that designs microprocessors
for the consumer and enterprise markets. Founded in 1969, it is one of the companies that
originally turned the southern Bay Area into “Silicon Valley”. Recently, AMD has won the
contract in conjunction with Cray to build the Oak Ridge National Laboratory’s upcoming
exascale supercomputer, Frontier.

Supercomputers are essential tools for complex scientific discoveries. The simulations
performed on these machines span a wide range of applications across fundamental science,
such as cosmology or turbulent flows, and applied engineering, such as material science and
storm surge modeling. At this time, high performance computing is undergoing a radical
transformation from largely homogeneous clusters of CPUs to heterogeneous machines with
specialized accelerators, particularly GPUs. This paradigm shift requires that algorithms
and software evolve to leverage the specialized hardware in these systems.

Coming online in 2021, Frontier is expected to be the largest supercomputer ever con-
structed and will exceed 1.5 exaflops of peak computational performance. This will be
achieved using both CPUs and GPUs designed by AMD. Ensuring application readiness
from Day-0 for a massively parallel, heterogeneous machine of this size is a challenging
task. One application targeted for Frontier is QMCPACK [13]. QMCPACK is a quantum
Monte Carlo code that leverages stochastic integration to solve the weak formulation of
the Schrödinger equation. Solutions to Schrödinger’s equation describe not only molecular,
atomic, and subatomic systems, but also macroscopic systems, and are used to predict the
electronic structure of chemical, physical, and material problems of interest. An important
problem is the simulation of spin glass systems used in quantum annealing. Such applica-
tions are expected to massively aid the process of quantum computation. The QMCPACK
application is expected to scale to the entire machine.

The proposed problem. QMCPACK uses the variational Monte Carlo method to esti-
mate the ground state of quantum systems. Variational Monte Carlo is a scheme whereby
the wavefunction of the system is represented approximately using an initial guess also
known as the ansatz. Samples are drawn from the ansatz using a Monte Carlo sampling
scheme followed by an optimization process over the parameters of the ansatz to minimize
the wave function energy on the observed samples. This process continues until the ground
state is approximately reached.

Since the the ansatz in this situation is a parametric function, it is natural to wonder
whether techniques from machine learning can be used in designing an ansatz for VMC.
While QMCPACK does not currently use machine learning techniques, there are several
promising recent works demonstrating the use of deep neural networks as powerful function
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approximators in the context of the Variational Monte Carlo algorithm used by QMCPACK
[19, 10]. It is an open question whether or not techniques like these will ultimately become
standard, and whether QMCPACK and other mainstream, high performance computing
libraries will begin using them in lieu of their existing ansatzes, but in our view, this is a
real possibility.
Our team’s approach.

We aim to investigate the feasibility of machine learning approaches to pro-
duce new and powerful forms of ansatzes. The use of neural networks to generate
ansatzes requires a careful design of the network architecture to enforce various physically
motivated properties. We focus on one of these in particular: the need to enforce a prop-
erty known antisymmetry due to the Pauli exclusion principle. The traditional method for
enforcing antisymmetry uses a technique known as the Slater determinant, which incurs a
significant computational cost for the ansatz in use. Here, we focus on a different technique
for enforcing antisymmetry by using the Vandermonde determinant.

We explore two avenues to investigate this technique. First, we build our own variational
Monte Carlo solution in order to explore the properties of the Slater and Vandermonde
determinants in simple, well-understood systems. Second, we adapt PauliNet, a complex
neural-network-based ansatz from the literature [10] by modifying it to use the Vandermonde
determinant.

This report is organized as follows. In chapter 2, we provide some necessary background
information on quantum mechanics. Chapter 3 outlines how the variational Monte Carlo
technique is applied to quantum systems. We illustrate the technique by applying it to one
of the simplest quantum systems, the hydrogen atom. At the end of this chapter we provide
more details about antisymmetry and the Slater determinant. Chapter 4 outlines the exist-
ing PauliNet architecture and provides some brief background on neural networks. Chapter
5 defines and describes the Vandermonde determinant and demonstrates our comparisons of
Vandermonde and Slater determinants using our own implementations on simple systems.
Chapter 6 demonstrates our modifications of PauliNet, in particular the use of the Vander-
monde determinant, and the challenges required to ensure enforcement of correct physical
conditions. Finally, chapter 7 discusses the challenges and limitations of our approach, and
conjectures about future improvements to the neural network based ansatz.
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Chapter 2

Primer on Quantum Mechanics

2.1 Schrödinger’s equation

The Schrödinger equation is a partial differential equation used to deduce the dynamics of
any isolated quantum system. It is given by

i~∂t |ψ(t)〉 = H|ψ(t)〉 , (2.1)

where the kets i.e. |ψ(t)〉, are elements of an appropriate Hilbert space and H is a Hermitian
operator known as the Hamiltonian of the respective system. More formally, |ψ(t)〉 ∈ H is
a separable Hilbert space that can be either finite or infinite dimensional. Assuming that
H is time independent, the solution of the differential equation above is simply

|ψ(t)〉 = U(t) |ψ(0)〉 , (2.2)

where

U(t) = e
−it
~ H . (2.3)

This operator is referred to as the time evolution operator and |ψ(0)〉 is the initial state of
the system.

The superposition principle says that our initial state can take the following general
form,

ψ(0)〉 =
∑
i

ci|φi〉S , (2.4)

where ci are complex numbers and {|φi〉}i is an orthonormal basis for the system’s Hilbert
space H, consisting of eigenvectors of some Hermitian operator over H. Knowledge of the
spectrum of H is important if one is to make sense of the time evolution Equation (2.2),
which is an eigenvalue problem H|ψ〉 = E|ψ〉. For problems with a continuum configuration
space this eigenvalue problem is more concretely a second order differential equation.

As an example, for the Hydrogen atom the Hamiltonian is given by

H = − ~2

2µ
∇2 − e2

r
.

The corresponding time independent Schrodinger equation is thus obtained as

− ~2

2µ
∇2Ψ(~r)− e2

r
Ψ(~r) = EΨ(~r),

13



with Ψ ∈ L2(R). This is one of the few systems where an analytic solution is known. The
Hydrogen atom is essentially a one body problem since, if the position of the nucleus is
fixed, the only relevant atomic particle is the electron.

In general, the N-body electron problem for the time independent case will yield a
differential equation of the form

N∑
i=1

(− ~2

2m
∇2
i ) + Ve−n(~r1, ..., ~rN ) + Ve−e(~r1, ..., ~rN )}Ψ(~r1, ..., ~rN ) = EΨ(~r1, ..., ~rN ) (2.5)

2.2 The complexity of the quantum many-body

problem

The Hilbert space of a quantum system with N “distinguishable” particles (a system with
N electrons) can be described by the tensor product of the N corresponding Hilbert spaces.

HN =

N⊗
i=1

Hi.

For a single particle in three dimensional space, the state is described by a complex-
valued wave function Ψ(~r) of the position ~r of the particle, while N distinguishable particles
are described by a complex-valued wave function Ψ(~r1, ..., ~rN ) of each of the respective
positions of the particles. For a continuum configuration as seen here we have infinite
dimensional Hilbert spaces. Computationally what this means is that we must approximate
the Hilbert spaces associated with each of the individual particles with a finite dimensional
Hilbert space. Assuming we take a d dimensional subspace for each of the N particles we
are left with a dN dimensional subspace. This exponential scaling of the Hilbert spaces is
a huge hurdle and very quickly it becomes impossible to work with higher dimensional N
body systems.

Even in the simplest of cases, where the Hilbert spaces of each of our N particles is a
two dimensional Hilbert space we quickly reach the computational limits of computers.

Let N = 40 and let dim(Hi) = 2. This means that the dimension of the N body system
total Hilbert space will have dimension 240 ≈ 1012. Then a complex vector representing our
space would take over 2 terabytes of space in memory. Having access to greater computa-
tional power is essential to tackle large N body problems. However, if we limit ourselves to
modest values of N we still run into hurdles when trying to find the ground state energy
and its corresponding wavefunction.

The Hilbert space we are searching within is very large and an indirect method of
distilling the correct ground state energy and wavefunction is preferable. As we will see in
the next chapter, variational Monte Carlo is such a method. Based on physical symmetries
we may pose a parametrized ansatz that structurally encapsulates the physics we expect
the corresponding system to exhibit and optimize over the parameters using Monte Carlo
methods. If our ansatz is good, quick convergence to the true ground state of the studied
system can be hoped for.

2.3 Pauli exclusion principle

Fermionic systems obey a property known as the Pauli exclusion principle, an empirical
law that states that two or more identical fermions cannot occupy the same quantum state
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within a quantum system simultaneously. The particles that follow this rule have half-
integer spin, a subject beyond the scope of this paper but the common denominator of all
Fermionic systems following Pauli’s exclusion principle. One very important particle with
half-integer spin is the electron. It is due to this Pauli exclusion property that electrons
form the so-called electron shells around a given nucleus to yield all of the elements of
matter.

Because matter is essentially made up of electrons one needs to make sure to incorporate
the Pauli exclusion principle into the framework of any scheme designed to study atomic,
molecular and nanoscale bulk matter type problems. Later we will see that an effective
way to force the Pauli exclusion principle is via the requirement that our solutions to the
Schrödinger equation be antisymmetric. To elucidate on the requirement of antisymmetry
consider a two-fermion system and assume that the solution to the corresponding ground
state energy eigenvalue/eigenstate problem had the form Ψ(x1, x2) = Ψa(x1)Ψb(x2). Here
Ψa and Ψb are the states of fermions one and two respectively. We observe that the wave-
function is nonzero when both fermions are in the same position, more importantly we note
that the wave function will also be nonzero, in general, if both particles are taken to be in the
state Ψ1. This clearly violates the exclusion principle. Now, if we were to rewrite our wave
function as Ψ(x1, x2) = Ψa(x1)Ψb(x2)−Ψa(x2)Ψb(x1) then we have Ψ(x1, x2) = 0 for any in-
put whenever a=b. Furthermore the antisymmetry property yields Ψ(x1, x2) = −Ψ(x2, x1).
This antisymmetry property becomes important, and investigating ways to impose it on
otherwise general and flexible and parametric ansatz is the main subject of our research.

15





Chapter 3

Primer on Variational Monte Carlo
for quantum systems

3.1 Introduction

One of the techniques used by QMCPACK to estimate the ground state of a quantum
system is variational Monte Carlo. We assume that we have access to the Hamiltonian H
that characterizes the system. We would like to approximate the ground state wavefunction
ψ which is the solution of the time-independent Schrödinger’s equation

H |ψ〉 = E |ψ〉 (3.1)

for the lowest-energy state of the system. Then, roughly speaking, the variational Monte
Carlo (VMC) procedure consists of the following steps (as described in [19]):

1. Start with some initial variational ansatz |ψα(x)〉 from some class of functions pa-
rameterized by α.

2. Using Markov-chain Monte Carlo (MCMC) techniques, sample from the probability
distribution implied by this wavefunction: π(x) ∝ ||ψα(x)〉|2.

3. Minimize the expected value of the energy of the system

E[E] =
〈ψα|H|ψα〉
〈ψα|ψα〉

=

∫
ψ∗α(x)Hψα(x)dx∫
ψ∗α(x)ψα(x)dx

. (3.2)

Using the samples xi ∼ π(x), we can approximate this expected value by computing

1

N

N∑
i=1

ψ∗α(x)Hψα(x) (3.3)

and approximate the variance by computing

1

N

N∑
i=1

(ψ∗α(x)Hψα(x)− E[E])2 (3.4)

and optimize the parameters α of the ansatz to minimize some combination of these
losses.

17



3.1.1 Variational Ansatz

The most common family of variational ansatzes is the Slater-Jastrow family [6]. In brief,
the idea is to organize a set of individual wavefunctions, each with its own parameters,
into a matrix, whose determinant is computed. The overall wavefunction for the system
is represented as a weighted sum of a few such determinants, multiplied by an additional
term (the Jastrow factor) which represents pairwise interactions. However, more general
parametric function approximators can be used for this purpose as long as they respect
certain required symmetries; [19] proposes a neural network architecture that achieves this
goal. There is more discussion of the Slater determinant in Section 3.3 below.

3.1.2 Markov-Chain Monte Carlo Sampling

Here we provide some more details on how machine learning can be used in the sampling
process. Markov-Chain Monte Carlo methods sample a sequence of points such that their
stationary distribution converges to a target distribution π. In cases where π is not explicitly
known, we still need to know how to sample from its unnormalized probability density.
Getting the next sample point is a two step process [9, 1]:

1. A point is sampled from some proposal distribution around the current point,
typically denoted Q.

2. An acceptance ratio is computed, and the point is accepted with probability

min

(
1.0,

π(xt+1)

π(xt)

Q(xt+1 → xt)

Q(xt → xt+1)

)
, (3.5)

otherwise the point is rejected. This is known as the Metropolis-Hastings method.

Traditionally, the proposal distribution Q is relatively simple – a Gaussian, or else
derived from the target density, as in Hamiltonian Monte Carlo. The proposal distribution
Q can be chosen very freely, and as long as the Metropolis-Hastings rejection step remains
correct, the chain will still converge to the target.

3.2 A Test Case: Variational Monte Carlo on the

Hydrogen Atom

The hydrogen atom is a special example of a quantum system because it is one of the
few systems which admits a simple closed-form analytic solution. For this reason, it is
a good testing ground for quantum Monte Carlo methods. First we review the known
analytic solution of the Schrödinger equation for the hydrogen atom. Then we verify our
implementation of variational Monte Carlo by using it to recover the known analytic solution
for the hydrogen atom.

The time-independent Schrödinger equation for the hydrogen atom is

ĤΨ = − ~2

2µ
∇2Ψ− e2

r
Ψ = EΨ.

The ground state energy of the hydrogen atom is known to be E = −13.6eV . In different
units, the energy is λ = −1/2 with the exact ground state radial wavefunction u(r) = re−r.

18



Figure 3.1: Gradient descent for the hydrogen atom converges to α = 1.

Figure 3.2: Hydrogen atom energy estimates for various parameter values

In applying VMC to the hydrogen atom, we use the ansatz Ψ(α, r) = αre−αr. So the
correct parameter value is α = 1. We can confirm this solution using our implementation
in two ways. First, we estimate the energy of the system for various values of α. This is
shown in Figure 3.2. One can see that the lowest energy is around α = 1. Second, Figure
3.1 shows how gradient descent converges to the correct value α = 1.

3.3 Antisymmetry for multi-electron systems

Next we discuss general ideas in the design of an ansatz for many-electron systems. Much
of this discussion is adapted from [11].

The one-electron hydrogen ansatz above satisfies a number of desirable physical prop-
erties:

• The electron cannot collide with the nucleus – the wavefunction vanishes as the nu-
cleus is approached.

• As the electron distance goes to infinity, the wavefunction decays to 0.

As we move to studying many-electron systems, we want to preserve these properties
for each electron, as well as ensuring some new properties hold:
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• It should satisfy electron-electron cusp conditions, meaning two electrons should
be unlikely to collide.

• As discussed in Section 2.3, the ansatz should satisfy antisymmetry: if two electrons
of the same spin have their states exchanged, only the sign of the wavefunction should
flip: Ψ(· · · , ~ri, · · · , ~rj , · · · ) = −Ψ(· · · , ~rj , · · · , ~ri, · · · ).

A naive ansatz for many-electron systems is known as the Hartree product. In this case,
there is one separate wavefunction ansatz ϕi for each electron: it can take a form similar
to the hydrogen ansatz above – the unrealistic assumption is that electrons do not interact
with each other. Then the ansatz for the whole system becomes:

Ψ(r1, · · · , rN ) =
∏
i

ϕi(ri) (3.6)

Unfortunately, this ansatz does not satisfy antisymmetry. A classic approach to remedy
this problem is known as the Slater determinant. One still has N wavefunctions ϕj , but
they are arranged in a matrix whose determinant is given by

Ψ(r1, · · · , rN ) =

∣∣∣∣∣∣∣∣∣
ϕ1(r1) ϕ2(r1) · · · ϕN (r1)
ϕ1(r2) ϕ2(r2) · · · ϕN (r2)

...
...

. . .
...

ϕ1(rN ) ϕ2(rN ) · · · ϕN (rN )

∣∣∣∣∣∣∣∣∣ . (3.7)

Exchanging two particles exchanges two rows of this matrix; this switches the sign by
the determinant property exactly as desired. Because each term in the determinant is a
product of basis functions, any boundary and nuclear cusp conditions enforced by the ϕj are
preserved. This determinant technique can be extended by multiplying the entire expression
by functions that are symmetric in the ri, known in this context as a Jastrow factor. This
can be used to increase the flexibility of the ansatz and enforce further physical constraints.

The Slater determinant is powerful and it is used in almost all ansatzes for many-electron
quantum systems, including PauliNet and those implemented in QMCPACK. However, it
is not the only approach for enforcing antisymmetry. Later in the report, we will discuss
another technique, the Vandermonde determinant.
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Chapter 4

PauliNet

4.1 Introduction

PauliNet [10] is a neural network architecture for solving N -body electron systems, i.e.
molecular and atomic systems. It uses deep learning techniques to approximate electronic
wavefunctions. Although it uses neural networks, it is also physically inspired and borrows
ideas from traditional techniques. In particular, it effectively incorporates the Hartree-Fock
method which is a baseline analytic approximate solution to a simplified version of the ap-
propriate Schrödinger equation. Below, we provide a high-level overview of the architecture
of PauliNet, and the procedure for training it to minimize the ground-state energy. Then,
we give more detailed explanations of specific important properties of its architecture.

4.2 Description of PauliNet architecture

PauliNet uses a Slater-Jastrow-backflow ansatz. Ansatzes of this general form have long
been popular for variational Monte Carlo, and are widely used including in QMCPACK.
PauliNet follows this basic structure but replaces various parts of it with neural networks.
It constructs the ansatz in the following form:

Ψθ(r) = eγ(r)+Jθ(r)
∑
p

cpdet(ϕ̃↑µp(r))det(ϕ̃↓µp(r))

ϕ̃µ(r)i = ϕµ(ri)fµ,θ(r)i

(4.1)

This expression is described in more detail below. A schematic diagram of the PauliNet
architecture is in Figure 4.1.

• The µ denotes an index when there are multiple copies of certain basis sets or other
functions.

• ϕµ(r) are Hartree-Fock functions, a well-known approximate solution derived by mak-
ing simplifying assumptions to the physical problem until it becomes analytically
tractable; they are essentially treated as inputs. They are modified to enforce nuclear
cusp constraints, and they naturally enforce decay of the wavefunction to zero as
electrons stray far from the nucleus.

• The terms Jθ and fµ,θ are learnable neural networks; the fµ,θ are the backflow factors
which model electron-electron interactions and scale the basis functions; the Jθ is the
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<latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit>

'"
<latexit sha1_base64="HydsBKTjuw7Ck3ZRsBp/RfD2eaM=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdFl047KCfUBnLJlMpg3NJCHJVMrQlRt/xY0LRdz6De78GzNtF9p6IORwzr3ce08kGdXG876dpeWV1bX10kZ5c2t7Z9fd229qkSlMGlgwodoR0oRRThqGGkbaUhGURoy0osF14beGRGkq+J0ZSRKmqMdpQjEyVuq6R0EkWKxHqf3yYIiU7NPxfZBJpJR46LoVr+pNABeJPyMVMEO9634FscBZSrjBDGnd8T1pwhwpQzEj43KQaSIRHqAe6VjKUUp0mE/OGMMTq8QwEco+buBE/d2Ro1QXm9rKFJm+nvcK8T+vk5nkMswpl5khHE8HJRmDRsAiExhTRbBhI0sQVtTuCnEfKYSNTa5sQ/DnT14kzbOq71X92/NK7WoWRwkcgmNwCnxwAWrgBtRBA2DwCJ7BK3hznpwX5935mJYuObOeA/AHzucP6d2aCA==</latexit><latexit sha1_base64="HydsBKTjuw7Ck3ZRsBp/RfD2eaM=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdFl047KCfUBnLJlMpg3NJCHJVMrQlRt/xY0LRdz6De78GzNtF9p6IORwzr3ce08kGdXG876dpeWV1bX10kZ5c2t7Z9fd229qkSlMGlgwodoR0oRRThqGGkbaUhGURoy0osF14beGRGkq+J0ZSRKmqMdpQjEyVuq6R0EkWKxHqf3yYIiU7NPxfZBJpJR46LoVr+pNABeJPyMVMEO9634FscBZSrjBDGnd8T1pwhwpQzEj43KQaSIRHqAe6VjKUUp0mE/OGMMTq8QwEco+buBE/d2Ro1QXm9rKFJm+nvcK8T+vk5nkMswpl5khHE8HJRmDRsAiExhTRbBhI0sQVtTuCnEfKYSNTa5sQ/DnT14kzbOq71X92/NK7WoWRwkcgmNwCnxwAWrgBtRBA2DwCJ7BK3hznpwX5935mJYuObOeA/AHzucP6d2aCA==</latexit><latexit sha1_base64="HydsBKTjuw7Ck3ZRsBp/RfD2eaM=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdFl047KCfUBnLJlMpg3NJCHJVMrQlRt/xY0LRdz6De78GzNtF9p6IORwzr3ce08kGdXG876dpeWV1bX10kZ5c2t7Z9fd229qkSlMGlgwodoR0oRRThqGGkbaUhGURoy0osF14beGRGkq+J0ZSRKmqMdpQjEyVuq6R0EkWKxHqf3yYIiU7NPxfZBJpJR46LoVr+pNABeJPyMVMEO9634FscBZSrjBDGnd8T1pwhwpQzEj43KQaSIRHqAe6VjKUUp0mE/OGMMTq8QwEco+buBE/d2Ro1QXm9rKFJm+nvcK8T+vk5nkMswpl5khHE8HJRmDRsAiExhTRbBhI0sQVtTuCnEfKYSNTa5sQ/DnT14kzbOq71X92/NK7WoWRwkcgmNwCnxwAWrgBtRBA2DwCJ7BK3hznpwX5935mJYuObOeA/AHzucP6d2aCA==</latexit><latexit sha1_base64="HydsBKTjuw7Ck3ZRsBp/RfD2eaM=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdFl047KCfUBnLJlMpg3NJCHJVMrQlRt/xY0LRdz6De78GzNtF9p6IORwzr3ce08kGdXG876dpeWV1bX10kZ5c2t7Z9fd229qkSlMGlgwodoR0oRRThqGGkbaUhGURoy0osF14beGRGkq+J0ZSRKmqMdpQjEyVuq6R0EkWKxHqf3yYIiU7NPxfZBJpJR46LoVr+pNABeJPyMVMEO9634FscBZSrjBDGnd8T1pwhwpQzEj43KQaSIRHqAe6VjKUUp0mE/OGMMTq8QwEco+buBE/d2Ro1QXm9rKFJm+nvcK8T+vk5nkMswpl5khHE8HJRmDRsAiExhTRbBhI0sQVtTuCnEfKYSNTa5sQ/DnT14kzbOq71X92/NK7WoWRwkcgmNwCnxwAWrgBtRBA2DwCJ7BK3hznpwX5935mJYuObOeA/AHzucP6d2aCA==</latexit>

'#
<latexit sha1_base64="7PKYXyqe0hMN/p5OmDu23TloUVQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoQEowVLIxFog+pCZXjOK1Vx45sp1UVdWThV1gYQIiVT2Djb3DaDNByJctH59yje+8JEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wctJVKJSRMLJmQnQIowyklTU81IJ5EExQEj7WB4k+vtEZGKCn6vJwnxY9TnNKIYaUP17GMvECxUk9h8mTdCMhnQ6YMXijFHUopxz646NWdWcBm4BaiCoho9+8uYcRoTrjFDSnVdJ9F+hqSmmJFpxUsVSRAeoj7pGshRTJSfzQ6ZwlPDhDAS0jyu4Yz97chQrPJdTWeM9EAtajn5n9ZNdXTlZ5QnqSYczwdFKYNawDwVGFJJsGYTAxCW1OwK8QBJhLXJrmJCcBdPXgat85rr1Ny7i2r9uoijDI7ACTgDLrgEdXALGqAJMHgEz+AVvFlP1ov1bn3MW0tW4TkEf8r6/AGMwJrv</latexit><latexit sha1_base64="7PKYXyqe0hMN/p5OmDu23TloUVQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoQEowVLIxFog+pCZXjOK1Vx45sp1UVdWThV1gYQIiVT2Djb3DaDNByJctH59yje+8JEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wctJVKJSRMLJmQnQIowyklTU81IJ5EExQEj7WB4k+vtEZGKCn6vJwnxY9TnNKIYaUP17GMvECxUk9h8mTdCMhnQ6YMXijFHUopxz646NWdWcBm4BaiCoho9+8uYcRoTrjFDSnVdJ9F+hqSmmJFpxUsVSRAeoj7pGshRTJSfzQ6ZwlPDhDAS0jyu4Yz97chQrPJdTWeM9EAtajn5n9ZNdXTlZ5QnqSYczwdFKYNawDwVGFJJsGYTAxCW1OwK8QBJhLXJrmJCcBdPXgat85rr1Ny7i2r9uoijDI7ACTgDLrgEdXALGqAJMHgEz+AVvFlP1ov1bn3MW0tW4TkEf8r6/AGMwJrv</latexit><latexit sha1_base64="7PKYXyqe0hMN/p5OmDu23TloUVQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoQEowVLIxFog+pCZXjOK1Vx45sp1UVdWThV1gYQIiVT2Djb3DaDNByJctH59yje+8JEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wctJVKJSRMLJmQnQIowyklTU81IJ5EExQEj7WB4k+vtEZGKCn6vJwnxY9TnNKIYaUP17GMvECxUk9h8mTdCMhnQ6YMXijFHUopxz646NWdWcBm4BaiCoho9+8uYcRoTrjFDSnVdJ9F+hqSmmJFpxUsVSRAeoj7pGshRTJSfzQ6ZwlPDhDAS0jyu4Yz97chQrPJdTWeM9EAtajn5n9ZNdXTlZ5QnqSYczwdFKYNawDwVGFJJsGYTAxCW1OwK8QBJhLXJrmJCcBdPXgat85rr1Ny7i2r9uoijDI7ACTgDLrgEdXALGqAJMHgEz+AVvFlP1ov1bn3MW0tW4TkEf8r6/AGMwJrv</latexit><latexit sha1_base64="7PKYXyqe0hMN/p5OmDu23TloUVQ=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoQEowVLIxFog+pCZXjOK1Vx45sp1UVdWThV1gYQIiVT2Djb3DaDNByJctH59yje+8JEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wctJVKJSRMLJmQnQIowyklTU81IJ5EExQEj7WB4k+vtEZGKCn6vJwnxY9TnNKIYaUP17GMvECxUk9h8mTdCMhnQ6YMXijFHUopxz646NWdWcBm4BaiCoho9+8uYcRoTrjFDSnVdJ9F+hqSmmJFpxUsVSRAeoj7pGshRTJSfzQ6ZwlPDhDAS0jyu4Yz97chQrPJdTWeM9EAtajn5n9ZNdXTlZ5QnqSYczwdFKYNawDwVGFJJsGYTAxCW1OwK8QBJhLXJrmJCcBdPXgat85rr1Ny7i2r9uoijDI7ACTgDLrgEdXALGqAJMHgEz+AVvFlP1ov1bn3MW0tW4TkEf8r6/AGMwJrv</latexit>

�
<latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit>

Fixed function

Neural Network 
(trainable function)

detdet

�
<latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>

Wave function
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f"<latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit><latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit><latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit><latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit>

f#<latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit><latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit><latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit><latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit>

N"⇥N"
<latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit>

N#⇥N#
<latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit>

N"⇥N"
<latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit>

N"⇥N"
<latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit> N#⇥N#

<latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit>

N#⇥N#
<latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit>

N#
<latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit><latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit><latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit><latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit>

N"
<latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit><latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit><latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit><latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit>

N
<latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit>

M
<latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit>

De
<latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit><latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit><latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit><latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit>

Dn
<latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit><latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit><latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit><latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit>

1⇥1<latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit>

M⇥Dn
<latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit><latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit><latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit><latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit>

N⇥De
<latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit>

N⇥De
<latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit>

N⇥De
<latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit>
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<latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit>

N#⇥3
<latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit>
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1⇥1<latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit>
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Figure 4.1: A schematic diagram of the PauliNet architecture taken from [10].
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Jastrow factor which models global correlations between electrons but does not affect
antisymmetry.

• The γ are fixed, physical cusp constraints: as electrons approach each other the
wavefunction must obey certain physical behavior.

• The rescaled ϕ are combined using Slater determinants, split according to spin up
(↑) or spin down (↓) electrons (antisymmetry only applies to electrons with the same
spin).

• There may be multiple copies of each Slater determinant, which are indexed by p and
combined in a weighted sum. We focus on the single-determinant case for most of
our work, however.

• Implicit in the implementation of Equation (4.1) is the use of SchNet [21] to transform
electron coordinate inputs into a 128-dimensional vector for input into fθ and Jθ. This
is discussed in section 4.3.1.

The architecture combines physically motivated inputs and architectural choices with flex-
ible transformations represented by general function approximators.

4.2.1 PauliNet training procedure

PauliNet uses the same variational Monte Carlo procedure discussed in the previous chapter.
First, points are drawn using an MCMC approach – specifically, Langevin Monte Carlo [24].
Then, stochastic gradient descent is performed using these points to minimize the energy
for a few steps, and the process is repeated. In particular, the so-called “score function”
estimator is used to approximate the gradient of the mean local energy with respect to the
parameters:

L(θ) = Er∼|Ψθ(r)|2 [Eloc[Ψθ](r)]

∇θL(θ) = 2Er∼|Ψθ|2 [(Eloc[Ψθ](r)− L(θ))∇θ log |Ψθ|]
(4.2)

The expectation in these expressions is calculated by taking the mean on sampled points;
in particular the second expression approximated in this way is an unbiased estimator for
the true gradient.

The local energy here is computing by allowing the Hamiltonian to act on the wave-
function evaluated at a specific sample point. The Hamiltonian for an atomic system in
general takes the following form, where i, j index electrons and I, J index nuclei with atomic
number ZI (this expression is from [19], see also the equivalent Equation (2.5)):

H = −1

2

∑
i

∇2
i +

∑
i>j

1

|ri − rj |
−
∑
i,I

ZI
|ri −RI |

+
∑
I>J

ZIZJ
|RI −RJ |

(4.3)

The terms, from left to right, are the kinetic energy (involving the Laplacian ∇2
i with

respect to ri), the electron-electron potential energy, the electron-nucleus potential energy,
and the nucleus-nucleus potential energy.

All gradients and the Laplacian operators ∇2
i here are computed using the automatic

differentiation facilities in PyTorch.
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4.3 Additional details

4.3.1 Description of modified SchNet

The modified SchNet used as a module within PauliNet takes in the set of electron coordi-
nates and outputs a feature representation in an arbitrary space (R128 in practice) for each
electron that reflects the interactions between them. It is a “message-passing” architecture:
during a single evaluation of the wavefunction, each electron starts with a feature vector
in a current state, and over some number of repeated rounds, its features are updated by
incorporating information passed from the feature representations of other electrons.

In particular, at iteration n, each electron has some feature representation xni . Then at
each round, xn+1

i is generated according to the following rule, where zi represent “messages”
incoming to electron i, split according to incoming information from same spin electrons
(+), opposite spin electrons (−) and the atomic nuclei (a):

xn+1
i = xni +

∑
±
g

(n,±)
θ (zn,±i ) + g

(n,a)
θ (zn,ai ) (4.4)

All terms with a θ are functions with learnable parameters. The messages from other
electrons (split into same and opposite spin) are generated by taking the distance from
each electron j, using a function e (defined in Equation (4.7)) to transform these distances
into d-dimensional feature vectors (for our purposes, d = 32), and passing these distance
features along with the current electron features xj through neural networks:

z
(n+1,±)
i =

∑
j 6=i,±

w
(n,±)
θ (e(|ri − rj |))� hnθ (x

(
jn)) (4.5)

A similar procedure is used to produce the messages from each atomic nucleus to the
electron, except that the distance from the electron to each nucleus is considered instead,
and there are fixed, learnable features Yθ,I per nucleus.

z
(n+1,a)
i =

∑
nucleus I

w
(n,a)
θ (e(|ri −RI |))� Yθ,I (4.6)

The fixed function e (adapted from [25]) that takes scalar distances to a d-dimensional
has each dimension k of the output vector defined as follows (where rc is an arbitrary cutoff
parameter, and qk spans (0, 1) at even intervals for each k):

ek(r) = r2e−r−(r−µk)2/σ2
k

µk = rcq
2
k

σk =
1

7
(1 + rcqk)

(4.7)

To summarize, the components of the SchNet module that have learnable parameters
are as follows:

• The message-receiving networks g+
θ , g−θ , and gaθ , which take averaged messages from

all electrons to the space of feature representations.

• The networks hθ which takes feature representations to the space of messages, and
w+
θ , w−θ , waθ , which takes distance representations to the space of messages.

• The fixed but trainable nucleus features Yθ,I
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• Additionally, the initial electron features before message passing begins are trainable
and denoted Xθ,i.

After L rounds of message passing, one is left with informative feature representations
xLi for each electron. These are the actual inputs used to the Jastrow and backflow networks,
so that we compute Jθ(

∑
i x

L
i ) and fθ(x

L
i )i.

4.3.2 Enforcing antisymmetry

PauliNet uses the Slater determinant to enforce antisymmetry of the wavefunction. Asymp-
totically, computing the determinant of an N electron system is an O(N3) operation – this
dominates computational costs when sampling, evaluating the local energy, or performing
gradient descent. It may be possible to use other ways to enforce antisymmetry which
are simpler and more computationally efficient. It may be also possible that ignoring the
antisymmetry altogether does not harm effectiveness too much in certain systems.

The authors of [7] suggest replacing the commonly used Slater determinant with the
Vandermonde determinant. The Vandermonde determinant takes the following general
form: ∏

i<j

(φi(X)− φj(X)).

The authors of [7] note that the complexity of computing a Slater determinant is O(N3)
while the complexity of computing a Vandermonde determinant is O(N2). Therefore, re-
placing the Slater determinants used by PauliNet with Vandermonde determinants could
be a useful step towards a more efficient ansatz. This is precisely what we achieve in this
work.

4.4 Neural net architectural design choices: phys-

ical constraints

The fθ and Jθ are neural networks, as is the SchNet which generates their input, which in
general may learn any arbitrary function. However, other parts of the PauliNet ansatz are
carefully designed to enforce certain physical properties. The neural networks used in the
ansatz thus must be architecturally constrained to avoid disturbing these properties. We
discuss several of these issues below.

4.4.1 Electron cusps

The underlying Hartree-Fock orbitals ϕ enforce the nuclear cusp and boundary conditions.
When multiplying them by the backflow factors f , we do not want to interfere with them.
Likewise the term γ enforces the electron-electron cusp conditions; we do not want the
Jastrow factor J to interfere with these. As such, it is necessary to ensure that where one
electron is close to another or to the nucleus, the gradient of Jθ and fθ with respect to the
electron coordinates are zero: this is guaranteed simply by Equation (4.7), which ensures
that the underlying feature representations and their derivatives are zero when the input
distance is zero.
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4.4.2 Invariance and equivariance

There are more physical properties that must be preserved. In order for the Slater deter-
minant to properly enforce antisymmetry, the underlying functions must be permutation
equivariant with respect to the electrons: in other words, swapping two electrons must only
swap their respective outputs, but leave the values themselves the same. The Jastrow fac-
tor, on the other hand, is external to the determinant, so in order to preserve antisymmetry
of the whole wavefunction it must be permutation invariant as well.

4.4.3 SchNet and permutation equivariance

The authors of PauliNet design their SchNet to ensure that permutation equivariance re-
mains true of its outputs. In other words, swapping ri and rj , the input electron coordinates,
will swap the positions of xLi and xLj but will leave the values the same.

Because the backflow network fθ is applied to each electron individually, the outputs of
fθ and therefore ϕ̃ will also be permutation equivariant. And because the inputs to Jθ are
summed, its output will be the same regardless of their order, as long as the values do not
change; thus it is also permutation invariant as desired.

In building and modifying the ansatz, these issues of permutation invariance and equiv-
ariance, and enforcement of boundary conditions, are important design considerations.
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Chapter 5

Vandermonde and Slater Ansatz
on Simple Systems

5.1 Introduction

As a testbed for specifying different ansatzes, we implemented our own variational Monte
Carlo pipeline. This uses a simple Metropolis-Hastings sampler, and the standard “score
function” stochastic gradient descent estimator, also used in PauliNet (Equation (4.2)). We
experiment with a number of simple physical systems. In particular, we focus on systems
where antisymmetry is a concern.

5.2 Antisymmetry: Slater and Vandermonde de-

terminants

As mentioned in Section 3.3, when the Pauli exclusion principle is in play, it is standard to
require that the wavefunction Ψ obey antisymmetry. The traditional way to enforce this
is to employ a Slater determinant. However, computing a determinant has a complexity of
O(N3), which is undesirable.

An alternate method of enforcing antisymmetry is to use the Vandermonde determinant.
This has been proposed, for instance, in [7]. In brief, the Vandermonde determinant takes
as input a map (ϕ(r1), ϕ(r2), · · · , ϕ(rN )) and takes the determinant of the following matrix:

detV =

∣∣∣∣∣∣∣∣∣
1 ϕ(r1)1 ϕ(r1)2 · · · ϕ(r1)N−1

1 ϕ(r2)1 ϕ(r2)2 · · · ϕ(r2)N−1

...
...

...
. . .

...
1 ϕ(rN )1 ϕ(rN )2 · · · ϕ(rN )N−1

∣∣∣∣∣∣∣∣∣ (5.1)

This is a determinant, and assuming the vector of ϕ is permutation equivariant (as it
is in our applications), exchanging two inputs will exchange rows of the matrix, swapping
signs of the determinant, so that antisymmetry is enforced.

The Vandermonde determinant has a nice property, however: one does not need to
write out the full matrix and actually take its determinant; instead, it is possible to use the
following expression, requiring only O(N2) operations:
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detV =
∏
i<j

(ϕ(ri)− ϕ(rj)), (5.2)

Thus the Vandermonde determinant is a potentially efficient technique for enforcing
antisymmetry with a lower computational cost than the widely-used Slater determinant.

5.3 Physical Systems

For our experiments, we considered the following physical systems:

• To verify our solutions, we considered the toy problem of two fermions in a box – a
slight variation on a textbook problem in quantum mechanics.

• We also considered n-electron systems: Helium (2 electrons) and Lithium (3 elec-
trons).

5.4 Experimental results

Two fermions in a box

The two fermions in a box system consists of two fermions (particles where the Pauli
exclusion principle applies) in a box (finite volume infinite potential well) that the fermions
are restricted to. The system is relatively simple and analytically tractable – the problem
is that for the most naturally defined ansatzes the local energy does not depend on the
particle configuration, making variational Monte Carlo totally unnecessary. As a concrete
example, we consider the Schrödinger equation for the 1-D box case,

− ~2

2m

(
∂2

∂x2
1

+
∂2

∂x2
2

)
Ψ(x1, x2) = EΨ(x1, x2). (5.3)

The time independent Schrödinger in this case amounts to the simple eigenvalue problem
corresponding to the Laplacian. The Laplacian indeed has a discrete spectrum over a
bounded domain. For a box of dimension 1-D and length L, the particles bounded to the
domain [0, L], the eigenvalue/eigenvector pairs are the energies En1,n2 = ~2π2

2L2 (n2
1 + n2

2)

with the corresponding states Ψn1,n2(x1, x2) =
√

2
L sin(n1πx1

L )
√

2
L sin(n2πx1

L ). Let us now

calculate the corresponding local energy:

Eloc =
1

Ψn1,n2(x1, x2)
{− ~2

2m

(
∂2

∂x2
1

+
∂2

∂x2
1

)
Ψn1,n2(x1, x2)} = En1,n2 . (5.4)

This local energy is independent of configuration, therefore structurally for an ansatz will
yield trivial results: VMC would be completely superfluous as samples from the wavefunc-
tion would serve no purpose. The same issues arise even after implementing antisymmetry
via a Slater determinant. In order to test VMC, we devise a deliberately deficient ansatz,
using both Slater and Vandermonde determinants. Below, we denote parameters by α1, α2,
etc.

Letting our 1-D box be segment [−1, 1] we have that L = 2. We may estimate the
eigenstates with polynomial ansatz so long as the geometry is similar to that of the actual
eigenstates, plotted on Figure 5.1, and the ansatz vanishes at the boundary, this is important
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Figure 5.1: The ground state and first excited state for a particle in a 1-D box. The two wave
functions are orthogonal.

since the particles being confined to the box have a zero probability of exiting it and hence
a zero value for their corresponding wave function at the boundary.

For two fermions in a box we must make sure that the wave function satisfies antisym-
metric conditions. Recall that the Pauli exclusion principle tells us that two particles can
not occupy the same state. To enforce this we must find a function, Ψexcited(x1) for particle
one, that has the same geometry as the second excited state and use this in conjunction
with the first excited state wave function,Ψground(x2), to create a total ground state ansatz
for our two particle system, i.e. Ψtotal = Ψexcited(x1)Ψground(x2). A possible pair of ansatz
are Ψexcited(x) = −(1− (x2)α1)x and Ψground(x) = (1− (x2)α2) both plotted in Figure 5.2
with α1 = α2 = 2. Finally, implementing a Slater determinant on the appropriate Slater
matrix afforded by the above ansatz we may achieve antisymmetry.

Figure 5.3 shows the training results for the following ansatz, which is a 2-dimensional
Slater determinant of the Slater matrix constructed from the ansatz Ψexcited and Ψground

discussed above:

Ψ(x1, r2) = (1− (x2
1)α1)(1− (x2

2)α2)x2 − (1− (x2
2)α1)(1− (x2

1)α2)x1 (5.5)

Figure 5.4 shows the training results for another Slater-based ansatz, with slightly dif-
ferent basis:

Ψ(x1, x2) = (1− (x2
1)α1)e−α2x22 − (1− (x2

2)α1)e−α2x21 (5.6)

as well as the results for a basic Vandermonde-based ansatz:

Ψ(x1, x2) = (1− x2
1)α1(1− x2

2)α1(sin(α2x1)− sin(α2x2)). (5.7)

In all cases we achieve convergence to the true ground state energy as seen in plots
on Figure 5.3 and Figure 5.4. It is clear that using an ansatz that ensures that both of
the particles are in states corresponding to different energy levels yields faster convergence.
Figure 5.4 shows on the left this relatively rapid convergence to the true ground state energy,
on the other hand, the Gaussian-type Slater ansatz on the left of Figure 5.4 converges
about 20 iterations after our polynomial ansatz, Equation (5.5), has already converged. It
is surprising nonetheless, that the ansatz used in the leftmost figure of Figure 5.4 converges.
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Figure 5.2: Orthogonal particle in a box wave functions. Here we see the respective ansatz for the
first and excited state with their variational parameters α1 and α2 being taken at one. The desired
feature here is orthogonality in order to aid us in the implementation of the Pauli exclusion principle,
the amplitude of the ansatz for the first excited state not resembling that of the the true first excited
state is unimportant.

The Gaussian terms do not satisfy the necessary boundary conditions but via VMC the
parameters optimize to alleviate this issue. Despite the Vandermonde ansatz’s ability to
yield the fastest converging approximate energy it is the weakest of the ansatzes due to the
relatively significant discrepancy between the attained approximate ground state energy
and the true ground state energy.

N-electron systems

We now consider a few atomic systems. Due to the Pauli exclusion principle we will need
to force antisymmetry via a physically inspired ansatz.

The traditional Helium Slater ansatz:

Ψ(r1, r2) = e−α1r1e−α2r2 − e−α1r2e−α2r1 . (5.8)

This ansatz uses Hydrogenic type wavefunctions, φ(r) = e−αr, as a basis for the con-
struction of the Slater determinant. Indeed, if the two electrons orbiting the nucleus of the
Helium atom did not interact with one another, each electron would simply behave as if it
were part of a hydrogen atom.

In Figure 5.5 we see the convergence of our estimated local energy to the true ground
state energy. We can go further and include some cusp terms that further restrict the
electrons from coming near each other or near the nucleus. Some examples of cusp terms
are:

• 1. c1(ri) = e−
β
r

• 2. c2(rij) = e
− β
rij

• 3. c3 = e
−

rij
2(1+βrij)

30



Figure 5.3: Two particles in a box. Gradient descent for the Slater Ansatz. Using the ansatz below
for the ground state we estimate the ground state energy. Ψ(x1, r2) = (1− (x21)α1)(1− (x22)α2)x2 −
(1− (x22)α1)(1− (x21)α2)x1.

Figure 5.4: Convergence plot for the two-fermions-in-a-box system near the ground state energy
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Figure 5.5: Convergence curve for the Helium atom problem with the traditional Slater ansatz with
and without a cusp term. The traditional Slater ansatz, Equation (5.8) (left) and for the same

ansatz with a cusp term e−
β
r12 (right).

Here, ri and rij refer to the electron-nuclear and electron-electron distances respectively.
We implement a cusp term of the second kind and the result are shown on the right of
Figure 5.5: the convergence of gradient descent is improved significantly. Less than half of
the iterations are required to attain convergence.

We now conduct the same analysis for the Vandermonde type ansatz for Helium., which
is as follows:

Ψ(r1, r2) = e−α1r1e−α1r2(e−α2r1 − e−α2r2). (5.9)

The component e−α1r1e−α1r2 is symmetric with respect to r1 and r2 while the term
(e−α2r1 − e−α2r2) yields the antisymmetry desired.

We can also add cusp terms, so long as they are symmetric functions, by multiplying
the above Ψ by a term incorporating the electron-electron distance or the electron-nucleus
distances as already shown above. For our cusp Vandermonde implementation we use the

cusp term e
− α3
r12 .

The results can be seen in Figure 5.6. Once again there is a clear advantage in using the
ansatz with the cusp term: despite the noise there is faster convergence. Approximately
half of the iterations are needed in this case as opposed to the fifty iterations necessary
for the case of the Vandermonde ansatz without the use of the cusp term. In the latter
one even sees an increasing deviation from the true ground state energy as the iterations
become larger. When comparing the Vandermonde ansatz to the Slater ansatz for Helium it
is clear that the Slater ansatz are superior. The noisy fluctuations around the true ground
state energy for the Vandermonde cases can be mitigated by taking an average and utilizing
statistical methods. Computing the Slater determinant in the Helium case does not pose
a significant computational hurdle but as N becomes large the determinant will be very
computationally costly and a Vandermonde method with cusp terms leveraged with some
statistical inference could provide a cheaper method to calculate ground state energies.

As a final test of the efficacy of the Vandermonde ansatz we perform gradient decent
on the parameterized approximate energies afforded by both a Vandermonde and Slater
determinant ansatz. Lithium Vandermonde is as follows
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Figure 5.6: Convergence curve for the Helium atom problem with the Vandermonde ansatz with
(left) and without (right) a cusp term.

Figure 5.7: Convergence curves for Slater (left) and Vandermonde (right) ansatz for a Lithium
(3-electron) system.

Ψ(r1, r2, r3) = e−α1r1e−α1r2e−α1r3

2∑
l=1

∏
i<j

e−αl+1ri − e−αl+1rj

 . (5.10)

The Slater determinant ansatz in this case is

Ψ(r1, r2, r3) =

∣∣∣∣∣∣
e−α1r1 e−α1r2 e−α1r3

e−α2r1 e−α2r2 e−α2r3

e−α3r1 e−α3r2 e−α3r3

∣∣∣∣∣∣ . (5.11)

The results can be seen in Figure 5.7. This result shows that we achieve faster convergence
for the Vandermonde ansatz. We note that with more iterations we may see the Slater
determinant ansatz further converge to the true ground state but this was not tested in our
experiments. It also remains to be tested whether the variability around the true ground
state energy for the Vandermonde ansatz is less than that of the Slater ansatz.

In the previous section we analyzed a variety of ansatzes for three different models that
obeyed the Pauli exclusion principle. One major challenge was tuning the hyperparameters

33



of the VMC pipeline, i.e. learning rate, proposal distribution standard deviation, momen-
tum, wavefucntion input restrictions, number of walkers and number of steps for the Monte
Carlo. Exploitation of known physical properties and symmetries or in some instances trial
error was needed in order to find the correct initialization necessary to attain a convergent
gradient decent.
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Chapter 6

Modifications to PauliNet

6.1 Vandermonde determinants

The main motivation for replacing the Slater determinants with Vandermonde determinants
in PauliNet is in reducing the computational cost of evaluating the local energy. In PauliNet,
the cost of evaluating the wavefunction scales as O(N3) where N is the number of electrons.
This is because the cost of computing the Slater determinants is N3 and the determinant
calculations dominate the cost of evaluating the wavefunction. Due to the kinetic energy,
evaluating the local energy scales as N times the complexity of evaluating the wavefunction.
Therefore, the computational cost of PauliNet scales asymptotically as O(N4).

In contrast, evaluating the Vandermonde determinants scales as O(N2). Therefore,
replacing the Slater determinants in PauliNet with Vandermonde determinants reduces the
computational cost from O(N4) to O(N3).

In the next sections we outline our implementation of the Vandermonde determinant in
PauliNet. We compare performance on various atomic systems including Beryllium, Boron,
Lithium hydride and H2. Finally we provide a visual comparison of the wavefunctions
obtained by using PauliNet with the Vandermonde determinant and PauliNet with the
Slater determinant.

6.1.1 General approach

There are two Slater determinants in Equation (4.1). Instead of taking a Slater determinant,
our modification to PauliNet first takes a product of the ϕi and then takes the Vandermonde
determinant of the product. That is, letting ϕ̃ =

∏N
i=1 ϕ̃i(r), we set

detV :=
∏
i<j

(ϕ̃(ri)− ϕ̃(rj)),

and replace every Slater determinant in PauliNet with the corresponding Vandermonde
determinant detV .

6.1.2 Enforcement of cusp and other conditions

As mentioned in Section 4.4.2, in order for antisymmetry to be enforced, the ϕ̃ must be per-
mutation equivariant. The same is true for the Vandermonde determinant: this motivates
our use of the products

∏N
i=1 ϕ̃i(r), which incorporate information from the whole basis
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while ensuring permutation equivariance – exchanging two electrons will exchange only the
positions of their respective ϕ̃ without changing values.

While this construction can ensure that antisymmetry is enforced, it has a drawback
compared to the Slater determinant. If any electron violates the boundary conditions, its
ϕ̃ goes to zero: then every term in the Slater determinant will go to zero, while the same
is not true of the Vandermonde determinant. After observing and debugging unexpected
samples of configurations with infinite or zero energy, we realized that it was necessary to
have a separate term outside the Vandermonde determinants enforcing these properties.

Since the underlying Hartree-Fock ϕ functions enforce these conditions, we simply select
a single ϕµ and multiply the entire wavefunction by

∏N
i=1 |ϕµ(ri)| – thus ensuring that if

any electron violates cusp or boundary conditions, the entire wavefunction still goes to zero.
This term, which falls outside of the determinants, is permutation invariant as required.

6.1.3 Description of experiments

Experimental parameters

We used the same architectural designs as the original PauliNet paper (see Table 2 in [10]
for the full set of parameters), with a few exceptions. We only used a single determinant
for both the Slater and PauliNet cases. All network sizes and dimensionalities of feature
representations remained the same, and we used the same basis functions. We found it
necessary to lower the maximum learning rate to 0.005 from the default 0.01. We ran for
600 or 800 iterations, less than for the results collected originally in [10].

Results and Comparisons

With the Vandermonde determinants, convergence was achieved but to an energy relatively
far from the correct answer – the Slater determinants reached much closer. To visualize
the wavefunction during training, we made plots of the wavefunction sliced along a single
coordinate of a single electron.

Figure 6.1 shows the evolution of the wavefunction for LiH, a system with four electrons
(one for hydrogen and three for lithium). Figure 6.2 shows the same evolution Beryllium,
a single-atom system with four electrons.

In both of these systems, we find that the Slater determinant reaches a lower energy
– much closer to the true values in both cases. We also make plots of the difference in
wavefunction outputs every 50 training iterations: this is a measure of how much the wave-
function shifts during training. The results are shown in Figure 6.3. We find that PauliNet
with the Slater determinant continues to train, while the Vandermonde determinant trains
quickly at first but appears to get “stuck” in a local minimum far from the true ground
state energy.

The relative accuracy of various methods is most readily understood by comparing the
estimation of the ground-state energy. In particular, we compared our estimation of the
ground state energy to the estimation obtained by the Hartree-Fock method and the original
PauliNet. PauliNet uses the Hartree-Fock method as a baseline solution and as a starting
point for the variational Monte Carlo method. It first performs a Hartree-Fock calculation
to produce one electron orbitals ϕµ(ri) (see Equation (4.1)) which are then used as inputs
to PauliNet. After performing variational Monte Carlo, PauliNet significantly surpasses the
accuracy of Hartree-Fock. The authors of PauliNet demonstrate this in [10] by comparing
the accuracy of their solution after 7000 training steps to the Hartree-Fock method and
another deep learning based VMC method.
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Figure 6.1: Two slices of the PauliNet wavefunction for Lithium hydride. Two different slices of the
wave function are plotted every 50 steps over the course of 800 total training steps. Thinner lines
are earlier time steps, thicker are later. The ground state energy estimation at the final iteration is
-7.1686 for PauliNet with the Vandermonde determinant, and -8.0619 for PauliNet with the Slater
determinant. The true ground state energy is -8.07.

Figure 6.2: Two slices of the PauliNet wavefunction for Berrylium. Two different slices of the wave
function are plotted every 50 steps over the course of 800 total training steps. Thinner lines are
earlier time steps, thicker are later. The ground state energy estimation at the final iteration is
-13.2703 for PauliNet with the Vandermonde determinant, and -14.6479 for PauliNet with the Slater
determinant. The true ground state energy is -14.6674.

Figure 6.3: Norm of difference in wavefunction outputs evaluated at 3000 random points, every 50
training iterations.
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Unfortunately, even after 7000 training steps, our modification with the Vandermonde
determinant in general does not exceed Hartree-Fock accuracy. Others who used similar
constructions [8] also reported poor results. In order to present our method as a viable
low-cost alternative to PauliNet, we would at least want to surpass the accuracy of Hartree-
Fock for most systems. We believe that there may be other modifications that one could
make in order to achieve this level of accuracy while still maintaining the N3 asymptotic
complexity. This possibility is discussed in Section 7.4.
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Chapter 7

Challenges

7.1 Introduction

In this section, we discuss challenges involved in modifying the PauliNet ansatz: some
which we were able to overcome, and some which we leave to future work. Particular
challenges included preserving the enforcement of boundary conditions, discussed in the
previous section. We also discuss experimental attempts to modify the architectures of the
Jastrow and backflow networks, and conjecture about what might be needed to achieve
commensurate performance using the Vandermonde determinant.

7.2 Enforcement of boundary conditions

As mentioned in Section 6.1.2, the Slater determinant nicely preserves certain boundary
conditions in the basis wavefunctions, while the Vandermonde determinant does not. As
such, to enforce boundary conditions, we had to additionally premultiply by some of the
basis functions. It is possible that some other approach to enforcing the boundary conditions
might have resulted in better performance.

7.3 Negative results for convolutional neural net-

works

In addition to working with the Vandermonde determinant, we attempted to make addi-
tional modifications to the PauliNet architecture. The architecture includes feedforward
neural networks in several places, particularly the Jastrow and backflow terms. Since mem-
ory is always an important limiting factor in deep learning, we considered replacing some
of the feedforward layers with convolutional layers which have many fewer parameters and
are widely used across deep learning.

Our results showed a worsening of performance after these modifications. Training was
about 10 times slower despite the convolutional networks having roughly 1/1000 as many
parameters. This made training and experimentation unreasonably slow. We suspected
that the issue might be the cost of computing the Laplacian involved in the local energy
(Equation (4.3)) – computing second derivatives is an unusual operation for deep learning.
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Input size linear 5 9 33 65

64 0.01 0.05 0.05 0.05 0.05
128 0.03 0.14 0.12 0.12 0.13
256 0.07 0.29 0.29 0.31 0.35

Table 7.1: Average runtime in seconds for computing Laplacian on 50 batches of 5 inputs for
convolutional networks of different kernel sizes. Linear denotes linear network.

Input size linear 5 9 33 65

64 7.660e-05 3.110e-04 2.590e-04 2.730e-04 2.770e-04
128 6.500e-05 3.010e-04 3.260e-04 3.200e-04 3.190e-04
256 7.560e-05 3.730e-04 3.600e-04 3.780e-04 3.850e-04

Table 7.2: Average runtime in seconds for computing forward pass on 50 batches of 5 inputs for
convolutional networks of different kernel sizes. Linear denotes linear network

7.3.1 Experiments: speed of computing Laplacians for con-
volutional networks

To investigate this issue further, we kicked off a simple experiment on some Google Colab
resources (CPU only). We compared a simple linear architecture, in which each linear
layer halves the dimensionality of the previous until a 1-dimensional output is reached, to a
convolutional architecture with max pooling where each pair of convolutional/pooling layers
have the same output sizes. We vary the kernel size of the convolutional architecture. We
sampled 250 random points of each size (split into batches of 5) and tested the runtime to
perform a forward pass and to compute the Laplacian (using the same method as used for
PauliNet). Results are in Tables 7.1 and 7.2.

Regardless of the size of the convolution kernel, computing both the forward pass and the
Laplacian were significantly slower for the convolutional network. However, the computation
of the Laplacian significantly magnified the performance difference.

This suggests that when considering architectural changes to PauliNet, a key consider-
ation must be the speed of computing second derivatives with the new architecture – the
Laplacian must be computed at every single sampled point in order to determine the local
energy.

7.4 Improved basis functions for compatibility with

the Vandermonde determinant

A possible limitation of our adaptations to PauliNet might be the use of the Hartree-
Fock-derived basis functions as predetermined inputs to the ansatz. The core Hartree-Fock
ansatz itself uses a Slater determinant, so the parameters of the basis functions might be
particularly well-tuned for use in conjunction with Slater determinants. The flexible neural
networks of the rest of the PauliNet architecture are still capable of learning, but when
using the Vandermonde determinant they might have to overcome this limitation.

As such, one possible avenue for improvement might be replacing the basis functions ϕ
with ones somehow better suited to the Vandermonde determinant. The authors of PauliNet
plausibly claim that part of the success of their method is the fact that it begins with the
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physically plausible Hartree-Fock functions. It might be possible to initialize by solving
some analogue to the Hartree-Fock wavefunction that uses a Vandermonde determinant
instead of a Slater determinant, potentially yielding better performance.
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Chapter 8

Conclusion

Variational Monte Carlo is a widely-used algorithm for approximating the ground state
energy of quantum systems. While more complex variations of Monte Carlo approaches
can give better performance, VMC is widely used and implemented in many popular high-
performance codes including QMCPACK. Variational Monte Carlo relies on the use of a
flexible parametric ansatz to represent the wavefunction.

Recently, several authors including [19, 10] have proposed to use deep-learning-based
ansatzes in the variational Monte Carlo pipeline. These techniques show promise – using
the relatively simple VMC algorithm, they are able to achieve performance commensurate
with more complex algorithms. In this work, we focused on the PauliNet architecture from
[10].

For many-electron systems, most common ansatzes (including both PauliNet and QM-
CPACK) use a construction known as the Slater determinant to enforce antisymmetry. For
an N -electron system, this requires taking the determinant of an N ×N matrix, an O(N3)
operation which in some cases is the asymptotically dominant term for computational cost.
There is however another possible construction known as the Vandermonde determinant.
The authors of [7] show that the Vandermonde determinant can function as a universal
approximator for antisymmetric functions, suggesting that in principle, it could work as
well as the Slater determinant as part of a flexible deep-learning-based ansatz. Yet it is
potentially only an O(N2) operation.

To investigate the feasibility of replacing the Slater determinant with the Vandermonde
determinant, we have followed two approaches:

• We implemented our own variational Monte Carlo pipeline on which we tested simple
Slater and Vandermonde based ansatzes on simple physical systems.

• We modified PauliNet to use the Vandermonde determinant in place of its Slater
determinants.

In general, we found that the Vandermonde determinant does not work as well as the
Slater determinant. In our own implementation, its performance is tolerable, suggesting
that as systems scale up and the asymptotic difference in evaluation cost becomes relevant,
the tradeoff in computational cost could be reasonable. Within PauliNet, the use of the
Vandermonde determinant results in a wavefunction that, while somewhat viable, performs
significantly worse than PauliNet with Slater determinants.

There are significant avenues for improvement that could be investigated in the future.
There are also several cusp terms that could be experimented with as well as strategies for
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selecting the hyperparameters in our implementation. As mentioned before, our pipeline
requires fine tuning of its hyperparameters in order to attain convergence. As the dimen-
sionality of a quantum system grows, finding a good set of initialization parameters becomes
a difficult task.

With regards to PauliNet, a major challenge during development was ensuring the
appropriate enforcement of physical boundary conditions – this falls out naturally when
using the Slater determinant but required extra effort to guarantee using the Vandermonde
determinant. It is possible that different techniques for enforcing these conditions might
give better performance than the ones we used. Additionally, it is possible that the input
Hartree-Fock basis functions are not well-adapted for the Vandermonde determinant, and
that deriving new basis functions could also significantly enhance performance.

Finally, in this work we only focused on the time independent Scrödinger equation.
Furthermore, we only considered the ground states of each of the systems when we tested
our VMC implementation. Future work could potentially explore to what extent our VMC
pipeline and PauliNet would be able to approximate higher order excited states, and how
this work could be adapted for solving the time dependent Schrödinger equation with VMC
methods.
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